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Abstract

Many models have been proposed to explain the Pareto-tailed behavior observed in the
upper tails of firm-size and individual-income distributions. However, recent studies have
pointed out that these models imply unrealistically long periods for firms or individuals to
reach the upper tail, that is, to become very large firms or high-income earners. More-
over, while existing models typically predict that Pareto tails are primarily generated by older
firms or individuals, empirical evidence shows that Pareto tails already emerge within the
distributions of relatively young firms and individuals. This paper develops an alternative
explanation for the emergence of Pareto tails that resolves these empirical inconsistencies.
Focusing on the heavy-tailed nature of growth rate distributions, we show that firm growth
and income growth are characterized by short episodes of exceptionally high growth. We

demonstrate that such rapid-growth events give rise to a Pareto tail.
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1 Introduction

The Pareto-tailed nature of the size distribution of economic agents is one of the most important
stylized facts in economics. Pareto tails have been documented across various fields, including
firm size distributions and the distributions of income and wealth (see, e.g., Axtell (2001); Gabaix
(2009); Luttmer (2010)). Many economists have studied the mechanisms that give rise to this
statistical regularity, with early contributions by Champernowne (1953), Wold and Whittle (1957),
Simon and Bonini (1958), and [jiri and Simon (1977). More recently, renewed interest in this topic
has led to the development of more refined theoretical models (e.g., Gabaix (1999); Reed (2001);
Luttmer (2007); Luttmer (2011); Gabaix et al. (2016); Beare and Toda (2022)).

However, existing models exhibit inconsistencies with empirical data. A growing body of
research has pointed out that these models imply excessively long periods for agents to reach the
upper tail of the size distribution, where a Pareto tail is observed. For example, Luttmer (2011)
shows that the time required for firms to grow into giant firms is far longer in the theoretical
models than in the data. Similarly, Gabaix et al. (2016) demonstrate that the time for income
distributions to converge to their stationary distributions is unrealistically long, preventing such
models from accounting for observed fluctuations in income inequality. The root of this empirical
inconsistency is that existing models implicitly assume that the upper tail is dominated by older
agents. However, as shown in Section 2.2, our empirical evidence indicates that in both firm-size
and individual-income distributions, Pareto tails are in fact generated by relatively young agents.
These observations therefore call for a new theory capable of explaining why relatively young
agents play the central role in generating Pareto tails.

This paper proposes a new explanation for the emergence of Pareto tails that resolves the
inconsistencies with empirical data. The core of our analysis lies in examining the most likely
patterns through which upper-tail agents, such as giant firms and high-income earners, emerge.
Existing models assume that upper-tail agents arise as the cumulative outcome of gradual growth
over long periods. In contrast, our theory shows that the emergence of upper-tail agents is driven by
rapid, short-term growth—i.e., through jumps. Such jumps enable agents to reach the tail region
of the distribution within a short time, thereby resolving the inconsistencies in existing models.

This paper builds on a series of recent empirical findings regarding the shape of growth rate
distributions. For firm sales, it has been well documented since Stanley et al. (1996) that growth rate
distributions deviate from a Gaussian distribution (for surveys, see Coad (2009); Dosi et al. (2017)).

Specifically, these distributions exhibit high kurtosis and heavier tails, yielding distributions closer



to a Laplace distribution than to a Gaussian distribution (e.g., Bottazzi and Secchi (2006); Arata
(2019)).1 Moreover, subsequent studies show that growth rate distributions are even heavier-tailed
than Laplace distributions, whose tails decay exponentially (Bottazzi et al. (2011); Dosi et al.
(2020)). These features are not unique to firm sales growth rates but also characterize individual
income growth rates. A pioneering study by Guvenen et al. (2021) shows that the distribution
of income growth rates in the United State deviates from a Gaussian distribution, exhibiting high
kurtosis and heavy tails. Similar distributional shapes have also been observed across many
countries (see Guvenen et al. (2022)).2

In this paper, we show that the mechanism by which upper-tail agents emerge differs qualita-
tively depending on whether the growth rate distribution is heavy-tailed or light-tailed. We assume
that (log) growth rates in each period are independent and identically distributed (i.i.d.), and that
cumulative growth over n periods is given by the sum of n i.i.d. random variables. When the
growth rate distribution is light-tailed, large deviations of the sum (i.e., high growth over n periods)
arise from approximately equal contributions of all n variables. In this case, reaching the upper
tail requires the accumulation of a large number of moderate growth rates and therefore takes a
long time. This is precisely the growth pattern assumed in existing models. By contrast, when
the growth rate distribution is heavy-tailed, a large deviation of the sum is typically generated by
a single term that takes an extremely large value (i.e., a jump). That is, a single period of rapid
growth can propel an agent into the upper tail immediately. A heavy-tailed growth rate distribution
reflects the presence of such jumps and does not necessarily require a long time for an agent to
reach the upper tail. This is the growth pattern underlying our theory.

Another feature of our theory is that it does not require the size distribution to be in a stationary
state. Rather than analyzing the limit n — co, we focus on how the distribution of the sum of n
1.i.d. random variables evolves as n increases. In particular, when n is not sufficiently large, the
Gaussian approximation based on the central limit theorem, which is often employed in existing
models, does not provide an accurate approximation in the tail region. Instead, we show that the
shape of the distribution in the non-Gaussian tail region is the key to explaining Pareto tails.

The study most closely related to our analysis is Beare and Toda (2022). Several previous

In Arata (2019), the term jump was used to describe the discontinuous sample paths of continuous-time stochastic
processes. In this paper, jump refers to situations in which cumulative growth over n periods is dominated by a single
period of exceptionally large growth. Throughout the paper, the terms rapid growth and jump are used interchangeably.

2As another example of heavy-tailed behavior, Toda and Walsh (2015) show that the distribution of individual consump-

tion growth rates is heavy-tailed to the extent that higher-order moments do not exist.



studies have sought to address the problem that the time required to become a giant firm or a
super-rich individual is excessively long (e.g., Luttmer (2011); Gabaix et al. (2016)). To reduce the
time needed to reach the upper tail of the size distribution, these studies introduce multiple types of
agents and assume that some types have, on average, higher growth rates than others, so that agents
of those types can reach the upper tail more quickly. Beare and Toda (2022) develop this approach
in a more general framework and represent the state of the art in the literature.

Compared with such multi-type models, our theory has several advantages. First, multi-type
models require the existence of agents whose average growth rates are persistently higher than those
of others over long periods. However, empirical studies on high-growth firms (HGFs) show that
high growth is not a persistent, firm-specific characteristic but is instead driven by brief episodes of
exceptionally high growth; outside these episodes, the growth process of HGFs is indistinguishable
from that of other firms, a growth pattern predicted by our theory (see Coad et al. (2014); Goswami
etal. (2019)).3 Second, multi-type models explain Pareto tails in the aggregate size distribution but
do not account for Pareto tails within age-specific distributions. By contrast, our theory explains
Pareto tails both in the aggregate and within each age group, including among young agents. Third,
as in existing models, multi-type models assume light-tailed growth rate distributions for each
type. In contrast, our empirical evidence strongly suggests that growth rate distributions are in fact
heavy-tailed. Our theory shows that introducing multiple types is not necessary to overcome the
unrealistically long time required for agents to reach the upper tail of the size distribution. With
heavy-tailed growth rates, a single-type framework suffices to generate upper-tail agents within a
realistically short time.

The main contribution of this paper is to demonstrate the empirical validity of our theory
of Pareto tails. For firm sales, we use the Tokyo Shoko Research (TSR) dataset, which covers
more than one million Japanese firms. For individual income, we use Japanese tax return data
provided by the National Tax College, which covers tax records for more than 20 million individuals
annually.# Using these two datasets, we test the two key assumptions underlying our theory. The first
assumption is the random walk assumption, namely agents’ (log) growth rates are i.i.d. Our results

show that while growth rates in consecutive periods are not perfectly independent, dependence in

3In this regard, Commonwealth of Australia (2017) succinctly states that "[i]n general, HGFs do not appear to be a type
of firm, but rather a phase that some firms go through during their life cycle" (vi).

4In our analysis, the term gross income refers to income derived from labor earnings and business activities before
deducting expenses or tax deductions. Further details are provided in Section 4.1. Robustness checks using alternative
definitions of income—namely, net income, defined as income after subtracting expenses and deductions, as well as

earnings from wages and salaries only—are reported in the Supplemental Appendix.
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the tail region is weak, making the independence assumption empirically reasonable. The second
assumption is that growth rates have tails heavier than an exponential tail. Our results indicate
that growth rate distributions indeed satisfy this property and, in particular, resemble a Weibull
tail. Taken together, these empirical results provide support for the two assumptions underlying
our theory.

Finally, we demonstrate that the predictions of our theory are indeed observed in the data.
First, we show that the tail exponent of the age-specific size distribution is determined by the
tail exponents of the growth rate distribution and the initial size distribution. In particular, the
difference in the tail exponents for firm sales and individual incomes is explained, in line with our
theory, by corresponding differences in the tail exponents of their growth rate distributions and
initial size distributions. Second, we show that Pareto tails do not arise from aggregating agents
of different ages, but instead are already present within each age group, especially among younger
agents—a key prediction of our theory. Moreover, in the firm sales data, size distributions for
older age groups become increasingly close to a Gaussian distribution, which is consistent with our
theory. Third, we examine how agents achieve high growth over n periods. Our theory predicts
that a large deviation in cumulative growth over n periods is generated by a single jump, whereas
existing models attribute it to systematically higher growth rates across all n periods.> The data
are consistent with the former pattern and thus support our theory.

The remainder of this paper is organized as follows. Section 2 describes the properties of
existing models and discusses their inconsistencies with the data. Section 3 presents our alternative
theory of Pareto tails. Section 4 empirically tests the two key assumptions underlying our theory.
Section 5 examines whether the predictions of our theory are consistent with the data. Section 6

concludes the paper.

2 Existing Models and Their Empirical Inconsistencies

This section explains why existing models require an unrealistically long time for agents to
reach the upper tail of the size distribution. Section 2.1 focuses on Reed (2001)—a model with
a single agent type and a specified growth rate distribution, which can be viewed as a simplified
version of Beare and Toda (2022). This model predicts that the right tail of the size distribution is

predominantly populated by older agents. In Section 2.2, using data on firm sales and individual

5In a supplementary paper to this study, Arata et al. (2023), we use an alternative dataset with data on firm mergers and

show that jumps play an important role in the growth process even after excluding firms involved in mergers.



incomes, we examine size distributions by age and show that this prediction is inconsistent with the

data.

2.1 Theoretical Predictions of Existing Models

We begin by introducing the notation. Throughout the paper, we refer to economic entities such
as firms and individuals as agents. The logarithm of an agent’s scale—such as sales or income—is
referred to simply as its size and is denoted by S.¢ A Pareto tail means that the right tail of the size
distribution follows a power law. Specifically, when the y-axis is plotted on a logarithmic scale, the

right tail of the distribution can be represented as a straight line with slope —a:
logP(S > z) = —ax +b.

We refer to a as the tail exponent.

The model proposed by Reed (2001) consists of two components: the size distribution condi-
tional on age and the age distribution of agents in the population. Let S, denote the size of an agent
of age n. Reed (2001) assumes that the conditional distribution P(S,, > x | age = n) is Gaussian
with variance no?. For simplicity, we take the mean to be zero. When = is sufficiently large, the
tail probability of the Gaussian distribution can be approximated using Mills’ ratio:”

U\/ﬁ «?

e 2no2 .

P(S, > x| age=n) =~

V2T
Note that the size distribution within each age group does not have a Pareto tail. Given these

age-specific size distributions, the overall size distribution P(S > x) is obtained by summing over

all ages. Reed (2001) further assumes that the age distribution follows a geometric distribution.

This is justified by the idea that an agent exits with a constant probability p each year, so the survival

probability at age n, denoted by p,,, is geometrically distributed as p,, = p(1 — p)"~!. Accordingly,
P(S > z) = ZIF’(Sn > x,age =n)

P(S, > z,age = n) = p,P(S, > x| age =n) ~ p(l —p)"*- 5
xV/2m

In this model, which age group of agents contributes most to the tail probability P(S > z)?
To examine this, consider the following ratio of tail probabilities for agents of two different ages:
B(Sn, > v,age =12) () ynams T2 e
P(S,, > x,age = n;) ny
where ny > ny. The right-hand side is increasing in x (and, for fixed = and n,, also increasing in

¢Note that S refers to size without conditioning on the agent’s age.

7For Mills’ ratio, see Lemma 2 in Chapter 7 of Feller (1968).
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Figure 1: Density estimates of firm size distributions. Panel (a) reports the density estimate of firm size
S—defined as the logarithm of firm sales—using all firms from the 2010-2020 sample period. Panel (b)
presents density estimates for three age groups (young, middle, and old) based on the 2020 cross-section.

The number of observations in each group is 884,334 for young, 149,776 for middle, and 22,671 for old.

ns). Thus, this model predicts that as x becomes large, the tail of the size distribution is increasingly
dominated by older agents—that is, the Pareto tail is driven primarily by older agents.

This feature of existing models arises from two opposing effects as age n increases. On
the one hand, if agents are born and exit at constant rates, the number of age-n agents—i.e.,
P(age = n)—declines geometrically with n. On the other hand, as age increases, the variance
of the size distribution within each age group becomes larger, leading to larger tail probabilities
for S,,. In the tail region, this latter effect dominates. Consequently, the upper tail of the overall
size distribution S is predicted to be populated mainly by older agents as = becomes large. This
mechanism is common across many existing models: A Pareto tail emerges in the aggregate even
though the size distributions for each age group do not themselves follow a Pareto tail. In the next

section, we examine whether this theoretical prediction is supported by empirical data.

2.2 Empirical Evidence from Age-Specific Distributions

We begin by examining the distribution of firm size using Japanese firm-level data, where S
is defined as the logarithm of firm sales.® To define firm age, we treat the date of incorporation as

the birth year of each firm. Figure 1(a) presents a density estimate for firm size .S on a logarithmic

8Further details on the data are provided in Section 4.1.
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Figure 2: Density estimates of firm size distributions by age group. The sample is divided into five-year
age groups, and the density of firm size is estimated for each group. Panel (a) presents the age groups from

6 to 50 years, while Panel (b) presents the age groups above 50 years.

scale, aggregated over all firms without conditioning on age.® As shown in the figure, the right tail
of the distribution appears approximately linear. This indicates that the distribution of firm sales
exhibits a Pareto tail, consistent with findings in the existing literature.

Which age group of firms contributes most to the formation of the Pareto tail observed in the
aggregate size distribution? Figure 1(b) compares firms in three age groups: those younger than
50 years, those aged 50 to 70, and those older than 70. As shown in the figure, the size distribution
of younger firms exhibits a Pareto tail, whereas that of older firms deviates from it. To examine
the size distribution by age more closely, we divide the sample into five-year age bins and compare
the distributions across groups. Figure 2(a) shows that younger firms exhibit a Pareto tail over a
wide range, with each age group sharing a similar tail slope. In contrast, as Figure 2(b) illustrates,
the size distributions of older firms deviate from the Pareto tail and instead resemble a bell-shaped
curve, close to a Gaussian distribution.

To assess this pattern more rigorously, Figure 3(a) presents QQ-plots for each age group.
If the size distribution were close to Gaussian, the points would lie along the reference line. As
the figure shows, the tails of the distributions for young firms deviate from the line, whereas the
distributions approach the line as firm age increases. These results indicate that, contrary to the

predictions of existing models, the Pareto tail observed in the aggregate size distribution is in fact

9In our analysis, we use both the tail probability P(S > x) and the density P(S € dz), depending on the context. Note

that in the case of Pareto tails, both appear as straight lines on a log-scaled y-axis.
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Figure 3: QQ-plots and age-group proportions in the tail of the firm sales distribution. Panel (a) presents QQ-
plots of the size distributions for each age group. The straight line represents the reference line corresponding
to a Gaussian distribution. For visual clarity, only a subset of the five-year age groups (e.g., 6-10, 16-20,
and 26-30) is displayed. Panel (b) shows, as a function of x, the proportion of firms in each age group that
contributes to the tail probability P(S > x). We restrict the sample to firms aged 50 or younger: within this

subsample, we compute P(S > z) and report the share attributable to each age group.

shaped primarily by younger firms.

To clarify the inconsistency between the predictions of existing models and the data, we
compute, for each age n, the proportion of the tail probability P(S > x) attributable to firms of that
age, namely, P(S,, > x,age = n)/P(S > x). Figure 3(b) reports these proportions across values
of x. As the figure shows, the contribution of younger firms either remains stable or increases
with z. This is in sharp contrast to the prediction of existing models, which imply that the tail
should become increasingly dominated by older firms as x increases. These findings underscore the
need for a new theory of Pareto tails—one that accounts for the fact that Pareto tails are generated
primarily by younger firms.

A similar pattern is observed in the distribution of individual incomes. In the following
analysis, we use individual-level income data and define the logarithm of income as size S.
Figure 4 presents both the aggregate distribution of size .S and the distributions by five-year age
groups. As in the case of firm sales, the aggregate size distribution exhibits a Pareto tail. Moreover,
a Pareto tail is also observed within the age-specific distributions, each of which shares a similar
slope in the tail region.

Figure 5(a) presents QQ-plots of the size distributions for each age group. While the tendency

for the distribution to approach a Gaussian with age is less pronounced than in the firm-sales data,
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Figure 4: Density estimates of individual income distributions. Here, we define the logarithm of individual
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presents density estimates of size S by five-year age groups using the 2020 cross-section. For clarity, Panel

(b) displays only individuals aged 26 to 60.

the deviation from the Gaussian distribution is evident for the younger age groups. Figure 5(b)
shows the proportion of each age group contributing to the tail probability P(S > z). These
proportions remain stable as x increases, and there is no observable trend for older age groups to
become more dominant in the tail. These findings indicate that the prediction of existing models—
that the upper tail is dominated by older agents—does not hold. In particular, a Pareto tail does not
arise as a consequence of aggregating across age groups; instead, it is already observed within each
age group, especially among the younger ones. The next section develops an alternative theory of

Pareto tails that is consistent with these observations.

3 An Alternative Theory of Pareto Tails

In this section, we develop an alternative theory of Pareto tails. Section 3.1 shows that the tail
of the distribution of the sum of n i.i.d. random variables does not admit a Gaussian approximation.
Section 3.2 examines how this distribution evolves as n increases. Section 3.3 investigates how the
initial size distribution influences the subsequent size distribution. Section 3.4 analyzes how large

deviations in the sum of n i.i.d. random variables arise.
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corresponding to a Gaussian distribution. Panel (b) shows, as a function of x, the proportion of individuals in
each age group contributing to the tail probability P(S > x). For clarity, Panel (b) displays only individuals
aged 26 to 60.

3.1 Setup

We begin by introducing the notation. Let Sy denote the initial size (i.e., the logarithm of
a firm’s sales or an individual’s income), and let X denote the growth rate in period % (i.e., the
log-difference in size). Thus, cumulative growth over n periods is given by the sum of n growth

rates,

Spi=X1 4+ X,
and the size at time n is expressed as
Sy := So + Sh.
We make the following assumption regarding the process .S,,:
Assumption 3.1. The size process S,, follows a random walk with an initial value Sy; that is, the

growth rates X, ..., X,, are independent and identically distributed with mean 0 and variance o>

Under this assumption, S, can be viewed as the sum of n i.i.d. random variables. A natural
question is: what is the distribution of S, ? According to the central limit theorem, the normalized
sum of n i.i.d. random variables converges to the standard Gaussian distribution as n — oo (see

Chapter 5 of Petrov (1995)). More precisely, using the notation
Zy=0"'n"128,, F,(z)=P(Z, <)

11



the central limit theorem states that, for any fixed =z,
1—F,(z) F.(—x)
1 —®(x) O(—x)

where ® denotes the standard Gaussian distribution. Based on this result, one might conclude that,

— 1, —1 asn— o0 (D)

for sufficiently large n, the distribution of S, can be well approximated by a Gaussian distribution
over the entire range. Indeed, many existing models (e.g., Reed (2001)) implicitly assume that
the size distribution of agents of the same age can be approximated by a Gaussian distribution.
However, this reasoning is generally incorrect, because the convergence in the central limit theorem
holds only for fixed x.

Now, what happens when z is allowed to depend on n? The most widely known result in

probability theory concerning this question is due to Harald Cramér.

Theorem 3.1 (Theorem 5.23 in Petrov (1995)). Suppose that Cramer’s condition holds.'® Then
forxz >0,z = o(n'/?),

5l () oo (5]
el 20 ()} ()]

where \N(t) = Y -, cit® is Cramér’s series, a power series whose coefficients depend only on the

2)

cumulants of the random variable X;.

The right-hand side of Eq.(2) is known as the Cramér correction, describing the deviation
from the Gaussian approximation. As the expression shows, by imposing the additional condition
x = o(n'/%)—which restricts attention to an even narrower neighborhood around z = 0—one
recovers Eq.(1). This means that the normal convergence guaranteed by the central limit theorem
begins near x = 0 and expands gradually as n increases; however, outside the regions z = o(n'/%)
or # = o(n'/?), normal convergence is not generally valid. This observation is crucial for our
purposes, as our interest lies in the tail region, where x is large. In empirical settings, n is finite,
and Pareto tails concern those large values of = where the Gaussian approximation may fail. As we
show below, the core of our theory is an analysis of the tail behavior of S, in those non-Gaussian
regions.

Before turning to the general case, we consider two illustrative examples in which X, follows

a specific distribution and examine how the distribution of the sum S, evolves as n increases. The

10See the next section for details on Cramér’s condition. As discussed there, convergence to a Gaussian distribution near

x = 0 holds even without Cramér’s condition.
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first case is when X, follows a Laplace distribution with density
P(dz) %exp(—|x|)dx.
The second case is when X, has a Weibull tail given by
P(Xy > x) = %exp(—|x|"), 0<a<l
In the former case, we can derive an explicit expression for the distribution of §n In the latter case,
although an explicit expression is not available, we generate samples by simulation and estimate
the density function from these samples (with o = 0.7).

Figure 6 displays, on a logarithmic scale, the density of gn for both the Laplace and the
Weibull-tail cases. In a neighborhood of z = 0, the central region of the density becomes flatter
and approaches a bell shape as n increases. This behavior reflects the normal convergence discussed
above: in the central region, the distribution approaches a Gaussian distribution as n grows. By
contrast, in the region of large x, the deviation from the Gaussian distribution is pronounced. On the
logarithmic scale, the tail of the distribution of §n shifts upward in an approximately parallel fashion
as n increases. This indicates that, even as n becomes large, the tail behavior of §n is essentially
determined by the tail probabilities of its components, P(X}, > x). A rigorous explanation of this

phenomenon will be provided in the next section.
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3.2 Three Zones of the Distribution of §n

This section discusses how the probability distribution of S,, is characterized as a function of
n and z. As we show below, the behavior of S, differs substantially depending on whether the tail
of the distribution of its components X, is heavier or lighter than an exponential distribution. More

precisely, we call the distribution of X, light-tailed if it satisfies the Cramér condition:!!
EerM* < 0o for some A >0

The Gaussian and Laplace distributions are examples of light-tailed distributions. If the distribution
is not light-tailed (i.e., if Ee*** is infinite for all A > 0), it is referred to as heavy-tailed. Among
heavy-tailed distributions, those satisfying certain minimal regularity conditions are known as
subexponential distributions.’? Well-known heavy-tailed distributions such as the Weibull and
Pareto distributions belong to the subexponential class.

A key property of subexponential distributions is that when X, ..., X, are i.i.d., the tail
probability of their sum satisfies

P(S, > z) ~ nP(X}, > 1) asz — 0o

Note that the right-hand side, nlP(X}; > z), is simply the probability that the maximum element
max{Xy,...,X,} exceeds x.'* Thus, as * — o0, the tail of the sum becomes asymptotically
equivalent to the tail of the maximum. In other words, large deviations of the sum are generated by

a single large component—a property known as the principle of a single big jump.

In our analysis, we assume that the growth rates X, Xs,..., X,, follow a common subex-

UMuch of the existing literature assumes light-tailed growth rate distributions (see, e.g., Equation (2) in Beare and
Toda (2022)). In contrast, we assume that growth rate distributions are heavy-tailed. We argue that the inconsistency
between existing models and the data stems from the light-tailed assumption, and that incorporating heavy-tailedness
resolves it.

12The regularity condition is as follows: Let F' denote the distribution of the random variable X ,;" := max{0, X;} on

the positive real half-line R*, and let F'(z) := F[x, o). The distribution F' is subexponential if the following limit
F(x)
heavy-tailed distributions—such as Weibull-type and Pareto-type tails—satisfy this condition. Hence, for practical

exists: limy_, oo , where F' % F'(x) denotes the convolution of F'. In empirical applications, commonly used

purposes, subexponential and heavy-tailed distributions can be treated as essentially equivalent; see Chapter 3 of Foss
etal. (2011).
13This can be shown as follows. Let F be the distribution function of X}, (i.e., F'(z) = P(X}, < x)). The tail probability

of the maximum max{Xy, ..., X, } can be expressed as:

n—1
Pmax{Xi,...,X,} >z)=1—-F"(z) = (1 fF(x))ZFk(x) ~n(l—F(z)), asz— o0
k=0

14



ponential distribution. Subexponential distributions include several subclasses, among which two
major ones are the Pareto-type and Weibull-type tails. We assume that the growth rate distribution

belongs to the latter class (the empirical validity of this assumption is examined in Section 4.3).
Assumption 3.2. The distribution of X has a Weibull-type tail of the form:

P(Xy >z)=e @ {(z):=2L(z), 0<a<1
where L(x) is a slowly varying function at infinity.

A characteristic feature of a Weibull tail is that, for sufficiently large x, the curvature of the tail
on the log scale (i.e., the second derivative of /) becomes small. Consequently, over a wide range
of the upper tail, the slope remains nearly constant, making the tail appear approximately linear on
a log scale. We exploit this linear approximation of ¢ in Section 3.3, Section 5.1, and Section 5.2.

What shape does the distribution of the sum §n take under the above assumptions? As noted
in Section 3.1, by the central limit theorem the distribution of §n is approximated by a Gaussian
distribution in a neighborhood of = = 0, and the width of this region expands as n increases. In
contrast, by the subexponential property, the tail of the distribution of §n should be approximated
by n times the tail probability of the growth rates X. Thus, the behavior of §n depends on both n

and z. A rigorous characterization is provided by the following result.
Theorem 3.2 (Theorem 5.4.1 in Borovkov and Borovkov (2008)). For x < o1(n),
~ X 0
P(S, > x) = [1 - (—)} e MA@ (1 4 0(1))
\/_

n

Here, \°(x/n) := A (z/n) — %, where A, (xz/n) is the truncated Cramér series. For x > o1(n),

P(S, > z) = ne M@ (1 4 (2, n))
In particular, for x> oy(n),
P(S, > ) = nP(X; > z)(1 4 o(1))
Here, boundaries o, (n) and oo (n) are given by o1 (n) := n'/?= L1 (n) and 55(n) := n*/?=2%) [4(n)

with Ly and Ly being some slowly varying functions, respectively.

According to this theorem, the distribution of §n can be divided into three regions depending
on x and n: (i) the Cramér approximation region, (ii) the intermediate deviation region, and (iii)
the extreme deviation region. In region (i) (i.e., x < al(n)), as 1in the discussion of Section 3.1,
the Cramér approximation holds in a neighborhood of x = 0. In an even smaller neighborhood
of x = 0, normal convergence applies, and the distribution can be approximated by a Gaussian
distribution. By contrast, region (iii) corresponds to the domain of the principle of a single big

jump, where the distribution is governed by the tail probability of the individual components X}.
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In the intermediate deviation region (ii), where 01(n) < x < 09(n), the distribution of §n exhibits
characteristics that lie between those of the Cramér and extreme deviation regions, and in general
it admits no simple closed-form representation. However, when we examine the distribution on a
logarithmic scale (i.e., log P(S,, > z)), we can use the relation M = £(z)(1 + o(1)) (cf. Equation
(5.4.30) in Borovkov and Borovkov (2008)) to derive the following approximation: for z > o1(n),
log P(S, > ) = (1+ o(1)) log nP(X}, > )
Thus, if our object of interest is the shape of the distribution on a logarithmic scale—as in the
analysis of Pareto tails—then for = > o1(n), the tail behavior of S, can be approximated by
log nP(X} > z) in both the intermediate and extreme deviation regions. In the next section, we

analyze the shape of the distribution of .S,,, which incorporates the initial size .Sy.

3.3 Initial Size and the Distribution of S,

In this section, we examine the distribution of S,, when the distribution of the initial size S,
is also taken into account, and analyze how its shape varies with = and n. We assume that Sy
follows a subexponential distribution (possibly different from that of X}), in particular one with a
Weibull-type tail:

P(Sy > z) = e @ fy(x) == 2 Lo(z), 0 < ap < 1
where Lg(x) is a slowly varying function at infinity.* An extension of Theorem 3.2 is presented

below.
Theorem 3.3 (Theorem 11.3.1(iii) in Borovkov and Borovkov (2008)). For z > oi(n) and
x> o) (n),
P(S,, > x) ~ e Mo@n) 4 pe-M@n)

In particular, for © > o4(n) and x > o9(n),

P(S, > z) ~ P(Sy > z) + nP(X) > x)
Here, o1(n), o2(n), and M(x,n) are the same as given in Theorem 3.2. The functions o' (n) and
o3(n) take the form of 00(n) = n'/?=20) L4(n) and o3(n) = n'/?=220)[(n), where Ls and L,

are slowly varying functions. For x> o?(n), My(z,n) takes the form of My = lo(x)(1 + o(1)).

4The assumptions regarding .Sy are not as crucial as Assumption 3.1 or Assumption 3.2. If the tail of Sy is much lighter
than that of the growth rates X}, (or §n), its effect on S, is negligible, and the distribution of .S,, essentially coincides
with that of §n_ Conversely, if the tail of Sy is much heavier, S,, is dominated by Sy, and its distribution coincides
with that of Sy. Our interest therefore concerns the nontrivial case in which the tail behavior of Sy is comparable to

that of the growth rates. For this reason, we assume that Sy has a tail of the form e~ to(@),
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Based on this theorem, we now examine the tail slope of the distribution of S,, on the
logarithmic scale. In the extreme deviation region, the theorem shows that the tail behavior of .5, is
determined by the tail probabilities of Sy and X. Note that the tail slopes of Sy and X, are given

by —/¢;(z) and —¢'(), respectively. Differentiating the logarithm of the right-hand side yields
d
d—log P(S, > x) = —woly(z) — wal'(2),
x
S P(Sy > z) v nP(Xy > x)
0 P(S@ > l’) + nIP’(Xk > m)’ e ]P)(So > l‘) +?’LP(Xk > l‘)
To study the tail exponent, consider sufficiently large x such that ¢y(z) and ¢(z) can be

approximated linearly as

ly(x) = apr + by, L(z) = a1z + b
If the slopes coincide (a9 = a1), then the slope of log P(S,, > x) also matches this common slope.
As n increases, the slope remains unchanged, and only the intercept shifts upward. When the slopes
differ (ag # a1), the slope of log P(S,, > =) becomes a weighted average of a and a;, with weights
wy and w,,. In particular, because w,, increases with n, the slope gradually shifts from that of Sy
toward that of X,

A similar argument applies to the distribution of S,, in the intermediate deviation region. Using
the fact that, in this region, the functions M, and M satisfy the approximations ¢y(z)(1+ o(1)) and
¢(x)(1+4 o(1)) (see Section 11.3 in Borovkov and Borovkov (2008)), the slope of log P(S,, > z) is
given by

L 10gP(S, > 1) = (14 o(1)(~uwoly(x) — wel (x))

—Mpo(z,n) e—M(z,n) (3)

e n
e—Mo(z,n) + ne—M(zn)’ Wn = e—Mo(z,n) + ne—M(xn)

As in the extreme deviation region, the slope of log P(.S,, > x) is expressed as a weighted average

Wo =

of ap and a;, with weights wy and w,,. Thus, the tail slope of .S,, is directly determined by the
tail slopes of Sy and Xj.15 In Section 5.1, we examine whether this relationship is borne out

empirically.

15Here, we assume that the o(1) terms in My and M do not change rapidly, and that their derivatives with respect to =
are sufficiently small. Alternatively, when evaluating the tail slope of the distribution using finite differences—rather
than exact derivatives—these o(1) terms become effectively smoothed out, so the assumption is justified when n is

sufficiently large. In the empirical analysis below, we use Eq.(3) to examine the tail slope of the distribution.
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3.4 Patterns Driving Large Deviations in S,

Here, we return to §n and consider how large deviations (i.e., events in which §n > x for large
x) arise. As shown below, the pattern by which S, > x occurs differs substantially depending on
whether the growth rate distribution is light-tailed or heavy-tailed.

As an illustrative example, let X be a non-negative random variable with density function f

(i.e., F(dr) = f(x)dx).'® Suppose that f(x) admits the representation

fla)=e" x>0
For example, if f(x) is the density of an exponential distribution, then i(z) = x. If ni.i.d. random
variables follow the distribution F', the probability that their sum equals x is given by

P(S, = z) = [ exp (—ih(xk)) dX,...dX,

Sn=z
Given that the sum is fixed at x, which configuration of (X1, ..., X)) is most likely to occur? This
problem is equivalent to minimizing the quantity > ;_, h(X}) subject to the constraint S, =z
Let us consider first the case in which £ is a convex function (e.g., a Weibull distribution
with a > 1). Jensen’s inequality implies that the sum > ;_, h(X}) attains its minimum at
Xy, = = X, = x/n.” In other words, the most likely configuration of Xi,..., X, that
generates the sum S, = z is the one in which all components take the common value of x/n. Thus,
each component contributing equally to the sum is the most probable outcome. In contrast, when
h is a concave function (e.g., a Weibull distribution with o < 1), the way in which the components
Xi,...,X, produce the sum S, = z is qualitatively different. The quantity Sy h(Xg) is
minimized when X+ = x for some k£ = k* and X} = 0 for k # k*.'® This indicates that a single
component dominates the sum, whereas the remaining components contribute almost nothing. The
boundary case arises when / is linear, namely in the exponential distribution. Thus, large deviations
of S,, occur in two distinct ways, depending on whether the distribution has a tail lighter or heavier

than the exponential distribution.

16This example is taken from Chapter 3 of Sornette (2006).

7Indeed, let X « be the deviation from z/n, i.e., X k := X — x/n. Jensen’s inequality states that for a real convex
function ¢, ¢ (Z’v w’“) < 2 fl(z’“). Thus, Y, h(Xk) = h (% + )?1> +...4+h (% + )?n) > nh (%), where we

n -
used >, X,=0 by construction.
18This can be shown as follows: Suppose that the statement does not hold. Then, there exist at least two k£ such that
0 < Xj < z. Take such two indices (denoted by kj, ko) with X, > Xj,. By the concavity of h, the value of

>k h(Xk) can be reduced by replacing Xy, , X, with Xy, + ¢, X, — € for a sufficiently small € > 0. This yields a

contradiction.

18



The fact that large deviations of the sum arise in two qualitatively different ways can be verified
by examining the ratio of the contribution of each component to the sum.”® Let X7, Xs > 0 be
two independent random variables drawn from a Weibull distribution with parameter ov. Consider
the distribution of the ratio X;/(X; + X3) conditional on the event that their sum equals z (i.e.,
X1 + Xy = 7). The conditional probability density function of the ratio, denoted by g, 5, is given
by

Jaa(r) = c(r(1 — 7))@ e e A=) 4)
where c is a normalizing constant independent of 7.2°

Figure 7 displays the density g, , for three different values of «. The density is symmetric
around 1/2 for all cases, which follows from the fact that X; and X5 are i.i.d. Let us examine the
density more closely for each value of . When o > 1 (i.e., the light-tailed case), the density is
unimodal with a peak at 1/2. This indicates that the most probable event is that X; and X take
similar values (i.e., X; = Xy = x/2). In particular, for large x, the density becomes increasingly
concentrated around 1/2. In contrast, when o < 1 (i.e., the heavy-tailed case), the density peaks
at 0 and 1, exhibiting a U-shaped pattern. This means that it is more probable that either X; or
X,—but not both—takes a large value and dominates the sum x. Moreover, as suggested by Eq.(4),
the density concentrates at 0 and 1 as x — oo. For large x, it becomes highly unlikely that both X,
and X, are large and contribute equally to the sum. Thus, how each component contributes to the
sum is determined by whether the tail of the distribution is heavier or lighter than an exponential
distribution.

The intuition provided above can be formalized more rigorously as follows. First, consider the
case in which the distribution of the growth rate X}, is light-tailed. When the growth rate distribution
is light-tailed, the moment generating function is well-defined (denoted by ¥()\) := Ee*¥*). We
then introduce the Cramér transform of the random variable X}, denoted by X 4 , which is defined

as follows:
APTP(X,, € dr)

v(AB)
where \(8) := argsup,(8A — log¥(\)). When the sum S, takes a large value, the conditional

P(X] € dx) =

distribution of each growth rate X, is given by the following.

¥This example is taken from Chapter 1 of Foss et al. (2011).

20This can be proved as follows: Define the random variables &1,& by & = ﬁ,fz = X7 + X5. Then,
Pr(& =r|é& =2) = Pr(ﬁlé;ﬁi):x) = Bl :Prligij(lf’“)). The numerator is computed using the independence

of X; and X5,. The denominator depends only on x and is independent of r, and can therefore be absorbed into the

normalizing constant c.
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Figure 7: Plot of the density function g, ;. Three values of « are considered here: o = 0.7, 1.0, and 2.0.

Theorem 3.4 (Corollary 3.1.2 in Borovkov (2020)). Suppose that 5 = x/n — [y as n — 0.
Then, for any Borel sets By, ..., By, from R, any ky, . .., kp,
[[B(X” € B) = lim P(Xy, € By,..., Xy, € By | S € 1,0+ 1))
i=1
Note that Theorem 3.4 considers the case in which = grows on the order of n. When S,
attains a large value (of order n), the conditional distribution of the growth rates X}, is given by the
distribution of their Cramér transform, X ,’f . As an example, let us consider the Gaussian distribution
and its Cramér transform. If X follows a Gaussian distribution with mean p and variance o2,
its moment generating function is given by ¥(\) = e*7°2/2 and A(3) = %’i Therefore,
the Cramér transform of X, is again Gaussian, with mean 3 and variance o2 (i.e., the Cramér
transform simply shifts the distribution horizontally along the z-axis). For example, suppose that
the unconditional distribution of the growth rate X} has mean 0O (i.e., © = 0). Then, if we restrict
attention to those samples that realize the large deviation Sy =z = nf3, the average growth rate
among those samples equals 5 = x/n. In other words, the most typical way to achieve a large
deviation of size S, =  is through a path in which the growth rate increases gradually by z/n
each period.
The behavior of the conditional distribution of the growth rates changes drastically when
the growth rate distribution is subexponential. Rigorous results are provided by Armenddariz and

Loulakis (2011).

Theorem 3.5 (Theorem 2 in Armendariz and Loulakis (2011)). Let i be the probability measure of
Xy, i.e., u(A) :==P(Xy € A). Suppose that yu is subexponential. Then, the conditional probability
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P(Xy,...,X,) €| §n > x) converges in the total variance to a product of n — 1 copies of y and
Vg, where v,(A) = P(Xy € A | Xy > z).

Theorem 3.5 states that when a large deviation event §n > x occurs, the largest component
(i.e., the jump) follows the distribution v,, while the remaining n — 1 components follow the
product measure 1~ '. Note that 119 denotes the unconditional distribution of Xj. Thus, the large
deviation of S, is generated by the single largest growth rate, whereas the remaining growth rates
are unaffected by the conditioning and retain their unconditional distribution. This property stands
in sharp contrast to Theorem 3.4 and can be exploited for empirical validation. If the growth rate
distribution is heavy-tailed, then the n — 1 components of X, ..., X,, excluding the jump should
follow the same distribution as the unconditional growth rates. In contrast, if the distribution of
X}, is light-tailed, the conditional distribution of X, given S, > z is instead given by the Cramér
transform X ,f (and, in the Gaussian case, corresponds to a shift by x/n). Therefore, by examining
empirical data to determine which of these two patterns it more closely resembles, one can identify

the typical mechanism that produces large deviations of S, > .

4 Empirical Validation of the Two Assumptions

This section presents empirical evidence in support of our theory. Section 4.1 describes
the data and reports summary statistics for the growth rates. Section 4.2 examines the empirical
validity of the random walk assumption. Section 4.3 shows that the growth rate distribution is

subexponential and exhibits a Weibull tail.

4.1 Data and Summary Statistics

We begin by defining the variables used in our empirical analysis. The initial size Sy is defined
as the logarithm of an agent’s size measured at a fixed point after entry. For firm sales, .5 is the
logarithm of sales five years after incorporation; for individual income, it is the logarithm of income
at age 25. We define S in this way—rather than at entry—because growth patterns immediately
after entry differ substantially from those in later periods. For firms, incorporation may occur as part
of a corporate group reorganization, and the transfer of business units can generate apparent growth
that is not comparable to subsequent growth. Measuring S five years after incorporation mitigates
such entry-related distortions. A similar issue arises for individual income: the sharp income

increase associated with the transition from school to full-time employment is not comparable to
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Figure 8: Age distributions. Panel (a) shows the histogram of firm ages using the 2020 firm sales sample.

Panel (b) shows the histogram of individual ages using the 2020 individual income sample.

later income growth. Accordingly, we define S, as income at age 25, where the random walk

assumption provides a more reasonable approximation.

Firm sales

The firm-level sales data used in our analysis are compiled by Tokyo Shoko Research (TSR).
TSR is a credit rating agency, and the dataset is based on surveys conducted for its corporate clients.
It covers both listed and unlisted firms, with annual coverage exceeding one million firms. Nearly
all large firms are known to be included in the dataset, and their information is updated at least
once per year. Therefore, the upper tail of the firm size distribution is essentially fully covered by
the dataset.

We impose several sample selection criteria when estimating the firm size distribution. Firm
sales are measured using non-consolidated (stand-alone) financial statements, and firms with miss-
ing sales data are excluded. Because the TSR dataset contains firms that file financial statements
more than once within a given year (i.e., firms whose fiscal period is shorter than 12 months),
we restrict the sample to firms with a 12-month fiscal period.? We also exclude firms in the
government and financial sectors. After applying these procedures, the sample size for 2020 is
1,169,440 firms. The age distribution in 2020 is shown in Figure 8(a).

In our analysis, another key variable is the firm sales growth rate X;. The sample used

2In our analysis, year refers to the fiscal year determined by the fiscal year-end date. For example, sales recorded for
April 2010-March 2011 with a fiscal year-end of March 31, 2011 are treated as sales for year 2011.
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Summary statistics of firm growth rates
Data: Tokyo Shoko Research from 2010 to 2020

# of 1st 3rd
Year Samples Mean  Std. Dev. Quartile Median Quartile
2010-11 711897 -0.022 0.288 -0.087 0.000 0.066
2011-12 712206 -0.008 0.282 -0.069 0.000 0.074
2012-13 718530 -0.010 0.272 -0.069 0.000 0.066
2013-14 717509 0.018 0.268 -0.043 0.000 0.096
2014-15 724215 -0.016 0.268 -0.075 0.000 0.061
2015-16 731788 -0.017 0.266 -0.073 0.000 0.059
2016-17 739739 -0.010 0.264 -0.061 0.000 0.060
2017-18 738764 -0.001 0.263 -0.049 0.000 0.070
2018-19 733870 -0.002 0.257 -0.050 0.000 0.064
2019-20 719949 -0.051 0.281 -0.118 -0.005 0.032

Table 1: Summary statistics for firm growth rates. The table reports summary statistics for one-year firm

growth rates across different years.

for the analysis of growth rates is subject to the same selection criteria as the firm size sample
described above, with two additional conditions. The first condition excludes extremely small
firms. Specifically, we restrict the sample to firms whose size at the initial year used to compute the
growth rate (e.g., sales in 2010 when calculating the growth rate from 2010 to 2015) is at least 40
million yen.?? This condition is imposed because growth rates based on very small sales tend to be
excessively volatile and deviate from the random walk assumption. The second condition concerns
firm age. As explained in the definition of Sy, growth during the first five years after incorporation
is included in Sj. Therefore, the analysis of firm growth rates X, focuses on firms that are at least
five years old.

Table 1 reports summary statistics for the one-year growth rates based on the sample that
satisfies these conditions.?*> Note that the dispersion of growth rates shows little variation over the

sample period.

22See the Supplemental Appendix for the choice of the 40 million yen threshold.

23In Assumption 3.1, the mean growth rate is set to zero for simplicity. Strictly speaking, it would be appropriate to
estimate the mean growth rate for each year and conduct the analysis using demeaned growth rates. However, as shown
in Table 1 and Table 2, the sample mean and median of growth rates are small and close to zero. Moreover, the mean
growth rate p does not directly affect the analysis of tail shape or large deviations conducted below. Accordingly, we

use the growth rates without demeaning in the empirical analysis.
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Individual income

For the analysis of individual income, we use administrative tax return records provided by
the National Tax College. In Japan, individuals file a tax return to report their annual income
(from January 1 to December 31) to the tax authority, which is used to calculate their income
tax and local residence taxes.?* Although filing a tax return is not mandatory for all individuals,
it becomes obligatory, for example, when annual salary income exceeds 20 million yen. Self-
employed individuals (those with business income) are also required to file if their taxable income
exceeds the basic exemption amount (480,000 yen as of 2020). In addition, individuals may
voluntarily file a tax return to claim deductions, such as medical expense deductions, in order to
reduce their tax liability. As aresult, more than 20 million individuals file tax returns each year. Tax
return data are particularly suitable for our analysis because they provide nearly complete coverage
of high-income individuals in the upper tail of the income distribution. Moreover, the data include
a unique identifier for each individual as well as age information, allowing us to construct a panel
dataset.

In the analysis of individual income, we define income as the gross income (or gross receipts)
derived from labor and business activities, which serves as the measure of an individual’s economic
scale. Temporary or non-recurring income sources (such as insurance payouts) and capital gains
are excluded. Specifically, we construct gross income as the sum of business income, agricultural
income, real estate income, salary income, and miscellaneous business income. We use gross
income, rather than net income (which deducts expenses and tax deductions), to maintain conceptual
consistency with our analysis of firm size. In the literature on Zipf’s law and Gibrat’s law for firms,
firm size is typically measured by sales, which reflect the scale of economic activity. By contrast,
profits—sales net of expenses—are not considered an appropriate measure of firm size, since even
very large firms may report zero profits and thus not reflect their underlying economic scale. The
same logic applies to individual income: gross receipts before deductions correspond to firm sales
and reflect economic scale, whereas net income corresponds to firm profits. Accordingly, to ensure
conceptual consistency between firm sales and individual income, we adopt gross income as the
size variable for individuals.

Individuals with zero gross income are excluded from the sample. As a result, the sample size
for the year 2020 is 19,680,907 individuals. The age distribution of the 2020 sample is presented in

Figure 8(b). As the figure shows, the age distribution differs substantially between firm sales and

24For further details, see the National Tax Agency website: https://www.nta.go.jp/taxes/shiraberu/

taxanswer/code/bunya-kakuteishinkoku.htm
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Summary statistics of the growth rates of individual income
Data: Tax return data from National Tax College from 2014 to 2020

# of 1st 3rd
Year Samples Mean  Std. Dev. Quartile Median Quartile
2014-15 5055488 -0.020 0.330 -0.045 0.010 0.067
2015-16 5202343 -0.023 0.331 -0.049 0.009 0.065
2016-17 5365982 -0.020 0.323 -0.045 0.007 0.064
2017-18 5501765 -0.017 0.318 -0.042 0.010 0.066
2018-19 5567901 -0.017 0.321 -0.043 0.008 0.065
2019-20 5564641 -0.037 0.333 -0.074 0.000 0.059

Table 2: Summary statistics of individual income growth rates. The table reports summary statistics for

one-year growth rates across different years.

individual income. The fact that Pareto tails are observed in both cases despite these differences
suggests that, contrary to existing models, the age distribution is unlikely to be a driving force
behind the emergence of Pareto tails.

The sample used for analyzing individual income growth rates is constructed by applying two
additional conditions to the income sample described above. The first condition requires that an
individual’s income in the initial year used to compute the growth rate be at least 4 million yen.
The second condition restricts the sample to individuals aged 25 to 60 in that year. Table 2 presents
summary statistics for the one-year growth rates for these samples. As in the case of firm sales, the
dispersion of growth rates shows little variation over the sample period. Based on these samples, the
common statistical properties of the growth rate distributions for firm sales and individual income

are examined in the following section.

4.2 Random Walk Assumption
Methods

This section examines the independence assumption, that is, growth rates for a given firm are
independent over time. Pearson’s correlation coefficient is a widely used measure of dependence,
but we do not employ it here because it is affected by marginal distributions.?> Instead, we use

Spearman’s rank correlation coefficient, pg, which depends solely on the dependence structure

25See the Supplemental Appendix for the limitations of Pearson’s correlation coefficient and for a copula-based analysis

of dependence.
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Matrix of correlation coefficients

Spearman's rank correlation coefficient

Year 2019-20 2018-19 2017-18 2016-17 2015-16 2014-15 2013-14 2012-13 2011-12 2010-11
2019-20 NA -0.056 0.052 0.054 0.061 0.044 0.050 0.046 0.032 0.021
2018-19 -0.056 NA -0.073 0.059 0.055 0.055 0.059 0.046 0.049 0.043
2017-18 0.052 -0.073 NA -0.078 0.046 0.060 0.071 0.038 0.042 0.058
2016-17 0.054 0.059 -0.078 NA -0.090 0.046 0.063 0.050 0.039 0.040
2015-16 0.061 0.055 0.046 -0.090 NA -0.076 0.046 0.046 0.043 0.036
2014-15 0.044 0.055 0.060 0.046 -0.076 NA -0.080 0.046 0.050 0.049
2013-14 0.050 0.059 0.071 0.063 0.046 -0.080 NA  -0.066 0.060 0.066
2012-13 0.046 0.046 0.038 0.050 0.046 0.046 -0.066 NA  -0.076 0.035
2011-12 0.032 0.049 0.042 0.039 0.043 0.050 0.060 -0.076 NA -0.075
2010-11 0.021 0.043 0.058 0.040 0.036 0.049 0.066 0.035 -0.075 NA

Table 3: Matrix of Spearman’s rank correlation coefficients pg for firm sales growth rates. The sample is

the same as that used in Table 1.

between variables and is not affected by their marginal distributions. Spearman’s pg ranges from
—1to 1, and it equals 0 when the two variables are independent.

While Spearman’s pg provides important insights into dependence between growth rates,
it is largely driven by regions where observations are dense, namely the central region of the
distribution. Thus, it may fail to capture dependence in the tail region, where observations are
sparse and extreme values occur. To address this concern, we employ the tail dependence measure.
This measure represents the likelihood that one variable takes an extreme value given that the other
also takes an extreme value. It is defined as:

Ay = (lli_I}}P(Xz > FyHq) | X1 > Fi'(q)
Intuitively, Ay can be interpreted as the probability that an extreme growth episode in the second
period occurs given an extreme growth episode in the first period. When Ay > 0 (i.e., the
conditional probability above converges to a positive value), the two variables are said to exhibit
tail dependence. When Ay = 0, the variables are said to exhibit tail independence, meaning that
large deviations do not occur consecutively.

As another measure of dependence in the tail region, we consider the conditional tail expec-

tation:
E[X5|X; > t]

We examine the behavior of this function as ¢ — oo. When X; and X, represent growth rates

26



o
w
o
=

Tail dependence

o
w

Conditional tail expectation
o
=

0.2

01 /’/_A/—&—_"%Awnmﬂ_/ ety

0.80 0.85 0.90 0.95 1.00 05 1.0 15 20

(a) Tail dependence measure (b) Conditional tail expectation

Figure 9: Tail dependence measure and conditional tail expectation for firm sales growth rates. Let X
denote the growth rate for 2010-11 and X5 the growth rate for 2011-12. Panel (a) plots the conditional
probability P(Xy > F, '(q) | X1 > F'(q)) against . Panel (b) plots the conditional tail expectation

E[X21x,>0 | X11x,>0 > t] against ¢, using the nonnegative variable X;1x, >o.

in consecutive periods, it can be interpreted as the expected growth rate in the second period for
agents that experienced exceptionally high growth in the first period. If the two random variables
are independent, this expectation remains constant as a function of ¢. In contrast, if the variables
exhibit tail dependence (i.e., Ay > 0), then the conditional tail expectation grows linearly in ¢, that
is, E[X5| X1 > t] ~ O(t) as t — oo (see Section 2.20 in Joe (2014)).

Results

We apply the above methods to the growth rates of firm sales (the results for individual income
are very similar and are briefly reported at the end of this section). The correlation matrix of
growth rates across different years, computed using Spearman’s pg, is presented in Table 3. As
expected, the coefficients approach zero as the time interval between the two growth rates increases.
Moreover, even for consecutive periods, the absolute values of the coefficients remain below 0.1
and close to zero. In what follows, we restrict attention to consecutive periods and analyze the
dependence structure in greater detail.

Figure 9(a) reports the tail dependence measure for the growth rates for 2010-11 and 2011-12
(more precisely, the conditional probability in the definition of A;;) and shows how it behaves as
qg — 1. As the figure illustrates, the tail dependence measure decreases and converges toward

zero as ¢ — 1. This indicates that the dependence between growth rates in consecutive periods
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Matrix of correlation coefficients

Spearman's rank correlation coefficient

Year 2019-20 2018-19 2017-18 2016-17 2015-16 2014-15
2019-20 NA 0.012 0.010 0.019 0.030 0.028
2018-19 0.012 NA 0.020 0.023 0.037 0.042
2017-18 0.010 0.020 NA 0.027 0.025 0.035
2016-17 0.019 0.023 0.027 NA 0.021 0.020
2015-16 0.030 0.037 0.025 0.021 NA 0.029
2014-15 0.028 0.042 0.035 0.020 0.029 NA

Table 4: Matrix of Spearman’s rank correlation coefficients pg for individual income growth rates. The

sample is the same as that used in Table 2.

becomes increasingly weak in the upper tail, approaching tail independence as larger growth rates
are considered.

The results for the conditional tail expectation are presented in Figure 9(b). Since growth
rates can take both positive and negative values, we compute the conditional tail expectation for the
non-negative variable X;1y,-o. As shown in the figure, the conditional tail expectation remains
nearly constant in ¢. In other words, even if a firm experiences exceptionally high growth in one
period, this does not raise the expected growth rate in the subsequent period. These findings are
consistent with the result that A\ = 0, indicating that dependence between consecutive-period
growth rates in the upper tail region (i.e., cases where both periods exhibit high growth) is weak.

The same set of analyses is applied to individual income growth rates, and the results are
reported in Table 4 and Figure 10. The results for individual income closely mirror those for firm
sales: in particular, dependence between growth rates is weak in the tail region. These results

indicate that the growth rates in both cases can be well approximated by a random walk.

4.3 Subexponentiality and Weibull Tail of Growth Rates
Methods

This section examines whether growth rates follow a subexponential distribution, and in
particular, whether they exhibit a Weibull tail. Our analysis employs kernel density estimation,
the mean excess function, statistical tests for exponentiality, and tail-shape estimators proposed by
Gardes et al. (2011) and El Methni et al. (2012). We describe these methods in turn below.

The mean excess function at a threshold u (denoted e(u)) is defined as the conditional expec-
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Figure 10: Tail dependence measure and conditional tail expectation for individual income growth rates. Let
X1 denote the growth rate for 2014-15 and X, the growth rate for 2015-16. Panel (a) plots the conditional
probability P(Xy > F, '(q) | X1 > F'(q)) against . Panel (b) plots the conditional tail expectation

E[X21x,>0 | X11x,>0 > t] against ¢, using the nonnegative variable X;1x, >o.

tation of the overshoot X — u given that X > u (see, e.g., Embrechts et al. (1997)):

e(u) =E[X —u| X >u] foru>0.
The mean excess function is useful because its shape reflects the heaviness of the tail of the
distribution of X. In particular, our analysis focuses on the following three cases. First, when the
distribution has an exponential tail, e(«) remains constant in u. Second, when the distribution has
a Pareto tail, e(u) is a linearly increasing function of w. Third, when the distribution has a Weibull

tail, its behavior lies between these two cases. Specifically, as u becomes large, it is known that
l1-o

e(u) = ——(1+0(1))

as u — oo (cf. Beirlant et al. (1995)). By comparing the empirical mean excess function with

these theoretical forms, we can characterize the tail heaviness of the growth rate distribution.

To statistically test that the distribution has a subexponential tail, we formulate the null
hypothesis that the tail is exponential and test whether this hypothesis can be rejected. Numerous
tests for exponentiality have been proposed in the literature (see, e.g., the surveys in Ascher (1990)
and Henze and Meintanis (2005)). In particular, Ascher (1990) reports that the Cox-Oakes test,
originally proposed by Cox and Oakes (1984), has the highest power among the various tests
proposed in the literature. In our analysis, we apply the Cox-Oakes test to two subsamples of
growth rates: observations with X; > 0.1 and those with X} > 0.2.

As discussed in Section 3.2, within the class of subexponential distributions, two major
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subclasses are those with Pareto tails and those with Weibull tails. In our analysis, it is necessary
to verify that the growth rate distribution is well approximated by a Weibull tail. As a graphical
diagnostic, we use the following linear relationship, which holds when the underlying distribution
has a Weibull tail. For0 < u < v < 1,
log(—logu) — log(—logv) ~ a(log x, — log x,)

where x,, and z,, denote the u- and v-quantile values of the growth rate distribution, respectively. Let
N be the sample size and let X y_; 1 denote the i-th largest observed growth rate. If the distribution
follows a Weibull tail, then the points (loglog(N/i),log Xn_;+1) should lie approximately on a
straight line. We exploit this property to assess whether the empirical distribution of growth rates
is consistent with a Weibull tail.

To statistically assess whether the empirical distribution of growth rates is closer to a Pareto-
type or a Weibull-type tail, we employ the methods proposed by Gardes et al. (2011) and El Methni
et al. (2012). We consider the following family of distributions, which encompasses both Pareto-
type and Weibull-type tails:

F(x) = exp(—K (log H(z))) forz >z, >0, witht € [0,1] )
Here, H is a function whose inverse function satisfies H* (t) = tL(t), § > 0, where L(t) is a
slowly varying function, and K, (z) = ff u"1du. The parameter 7 characterizes the heaviness
of the tail: larger values of 7 correspond to heavier tails. In particular, 7 = 0 corresponds to
a Weibull-type tail,?¢ whereas 7 = 1 corresponds to a Pareto-type tail (the associated tail-shape
parameter is o = 0~ 1). Thus, by estimating 7, we can assess how close the empirical growth rate

distribution is to a Weibull tail.

Results

Here, we apply the above methods to the growth rates of firm sales. The results of the density
estimation for one-year growth rates are presented in Figure 11. Panel (a) shows that the distribution
departs markedly from a Gaussian, with a sharp central peak and heavy tails. Panel (b) plots the
same densities on a logarithmic scale, where the upper tail deviates upward from linearity. This
curvature indicates that the tail is heavier than exponential, providing evidence that the growth rate
distribution is subexponential.

We next examine the distribution of multi-period growth rates. Figure 12 reports the estimated

26Note that when 7 = 0, we have K,(r) = logz, and hence K: () = exp(z). Therefore, F(z) =
exp(—exp(log H(z))) = exp(—H (x)), which reduces to the Weibull-type tail case.
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Figure 11: Density estimates of annual growth rates of firm sales. Here, we present the estimated density
functions of the annual growth rates over the period 2010-2020. Panel (a) displays the densities on a normal

scale, while Panel (b) displays them on a logarithmic scale.

densities for cumulative growth rates overn = 1,2, ..., 10 years. As shown in Panel (a), the density
around zero gradually approaches a bell-shaped curve as n increases. Panel (b) shows that, on a
log scale, the right tail becomes approximately linear; moreover, the linear segment shifts upward
as n increases. These features are consistent with the theoretical shape described in Section 3.2.

The mean excess function of the growth rates is reported in Figure 13. In all years, the
estimated e(u) is an increasing function of u, indicating that the distribution has tails heavier than
exponential tails. Consistent with this, the Cox-QOakes test rejects exponentiality in all cases, with
p-values less than 0.01. Figure 13(b) further shows that, in the tail region, the shape of e(u) is
largely independent of n. This is consistent with a property of subexponential distributions: the
tail probabilities of n-period growth rates coincide with those of one-period growth rates, up to
a multiplicative constant. This provides additional evidence that the growth rate distribution is
subexponential. Moreover, in all panels, e(u) increases with u, but its slope flattens as u grows.
This pattern suggests that the growth rate distribution is closer to a Weibull tail than to a Pareto tail.
In the following, we examine whether the distribution is more consistent with a Pareto or a Weibull
tail.

We examine whether a Weibull tail provides a good approximation to the upper tail of
the growth rate distribution, using the sample of one-year growth rates for 2019-20. Fig-
ure 14(a) plots (loglog(N/i),log Xn_;+1) using the top 5% of the growth-rate observations (i.e.,
1 =1,...,0.05N). The plotted points lie close to a straight line, indicating that the upper tail of

the growth rate distribution is well approximated by a Weibull tail. The estimation results for the
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Figure 12: Density estimates of long-term growth rates of firm sales. This figure presents the estimated
density functions of the n-year growth rates forn = 1, 2,.. ., 10, using the data from the period 2010-2020.
The initial year for all n-year growth rates is fixed at 2010. Panel (a) displays the densities on a normal scale,

while Panel (b) displays them on a logarithmic scale.
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Figure 13: Mean excess function over threshold w for firm sales growth rates. Panel (a) presents the mean
excess function of one-year growth rates, while Panel (b) reports the mean excess function of n-year growth
rates (n = 1,2,...,10), using data from 2010 to 2020. For all n, the initial year for the n-year growth
rate is fixed at 2010. We conduct the Cox-Oakes test using the sample of growth rates for 2019-20. The
standardized test statistic is —53.4 for observations with X; > 0.1 and —33.7 for those with X; > 0.2, and

in both cases the null hypothesis of exponentiality is rejected at the 1% significance level.
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Figure 14: Parameter estimates of the tail probability of firm sales growth rates. This figure uses the
one-year growth rates for 2019-20. In Panel (a), we plot (loglog(N/i),log Xn_;11) using the top 5% of
the growth-rate observations (i.e., ¢ = 1,...,0.05/N). Panel (b) reports the estimated values of 7 together
with the 99% confidence intervals. Since the estimation of 7 is based only on the largest k,, observations, the
x-axis shows the choice of k,,, while the y-axis shows the corresponding estimate of 7. Panel (c) presents the
tail probabilities computed from Eq.(5), using the estimate of « obtained under the assumption 7 = 0. For
comparison, the empirical complementary cumulative distribution function (i.e., 1 — F},(x)) of the growth

rates is also plotted.

parameter 7 in Eq.(5) are presented in Figure 14(b). The estimates are close to zero, implying that
a Weibull-type tail provides a better approximation than a Pareto-type tail. Setting 7 = 0, we then
estimate the remaining parameter « and, based on Eq.(5), compute the corresponding tail probabil-
ities. Figure 14(c) compares these estimated tail probabilities with the empirical complementary
cumulative distribution function (i.e., 1 — F, (), where F}, denotes the empirical distribution func-
tion). The estimated tail probabilities closely match those observed in the data. Taken together, and
consistent with the findings from the mean excess function, these results support our assumption
that the growth rate distribution follows a Weibull tail.

Applying the same set of analyses to individual income data yields Figure 15, Figure 16,
Figure 17, and Figure 18. As in the case of firm sales, these results indicate that the distribution
of individual income growth rates exhibits heavy tails, and in particular, is well approximated by a
Weibull tail.

Thus, the dependence structure and distributional shape of growth rates are remarkably similar
for firm sales and individual incomes. Since our theoretical framework in Section 3 relies solely on
these statistical properties, this similarity implies that Pareto tails should emerge in both settings.
This helps explain why Pareto tails are observed across a wide range of empirical domains. The

next section shows that the predictions of our theory are indeed consistent with the empirical data.
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Figure 15: Density estimates of annual growth rates of individual income. Here, we present the estimated

density functions of the annual growth rates over the period 2014-2020. Panel (a) displays the densities on a

normal scale, while Panel (b) displays them on a logarithmic scale.
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Figure 16: Density estimates of long-term growth rates of individual income. This figure presents the

estimated density functions of the n-year growth rates for n = 1,2, ..., 10, using the data from the period

2014-2020. The initial year for all n-year growth rates is fixed at 2014. Panel (a) displays the densities on a

normal scale, while Panel (b) displays them on a logarithmic scale.
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Figure 17: Mean excess function over threshold « for individual income growth rates. Panel (a) presents the
mean excess function of one-year growth rates, while Panel (b) reports the mean excess function of n-year
growthrates (n = 1,2, ..., 6), using data from 2014 to 2020. For all n, the initial year for the n-year growth
rate is fixed at 2014. We conduct the Cox-Oakes test using the sample of growth rates for 2019-20. The
standardized test statistic is —286.6 for observations with X; > 0.1 and —172.7 for those with X > 0.2,

and in both cases the null hypothesis of exponentiality is rejected at the 1% significance level.
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Figure 18: Parameter estimates of the tail probability of individual income growth rates. This figure uses
the one-year growth rates for 2019-20. In Panel (a), we plot (loglog(NN/i),log Xn_i+1) using the top 5%
of the growth-rate observations (i.e., 7 = 1,...,0.05N). Panel (b) reports the estimated values of 7 together
with the 99% confidence intervals. Since the estimation of 7 is based only on the largest &,, observations, the
x-axis shows the choice of k,,, while the y-axis shows the corresponding estimate of 7. Panel (c) presents the
tail probabilities computed from Eq.(5), using the estimate of o obtained under the assumption 7 = 0. For
comparison, the empirical complementary cumulative distribution function (i.e., 1 — Fj,(x)) of the growth

rates is also plotted.
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Figure 19: The distribution of the initial size .Sy. We consider the logarithm of sales .Sy for firms that are
five years old. Panel (a) shows the density estimate of Sy, with the vertical axis plotted on a log scale. Panel

(b) presents the mean excess function of Sy.

5 Empirical Validation of Theoretical Predictions

In this section, we examine whether the predictions of our theory are consistent with the data.
Section 5.1 evaluates the tail exponent of the size distribution .S,,. Section 5.2 examines the age-
specific contribution to the tail of the aggregate size distribution. Section 5.3 examines whether

jump-type growth patterns can be observed in the data.

5.1 Tail Exponent of the Size Distribution

Asdiscussed in Section 3.3, the tail slope of the size distribution S, on a log scale is determined
by the tail slopes of the initial size distribution Sy and the growth rate distribution. When the tail
slopes of the growth rate distribution and the initial size distribution coincide, the size distribution
shares this common slope, and an increase in n simply shifts the tail upward in parallel. By contrast,
when the two slopes differ, its tail slope gradually converges to that of the growth rate distribution
as n increases. Moreover, as n becomes large, the Cramér approximation region expands, and the
size distribution approaches a Gaussian. In this section, using linear approximations of ¢, and /,
we empirically estimate the tail slopes of the size distribution, the initial size distribution, and the
growth rate distribution, and examine whether these theoretical predictions hold.

We begin with the case of individual income. Let Sy denote the income of individuals who

are 25 years old in 2020. The probability density function and the mean excess function of S are
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Figure 20: The distribution of the initial size Sy. We consider the logarithm of income Sy for individuals
who are 25 years old. Panel (a) shows the density estimate of Sy, with the vertical axis plotted on a log scale.

Panel (b) presents the mean excess function of Sp.

presented in Figure 20. Using the top 5% of the sample, the Hill estimate of the tail exponent of the
distribution of Sj is a = 1.787. Next, to estimate the tail exponent of the growth rate distribution,
we use six-year growth rates 56 starting from 2014. Using the top 0.1% of the sample, the Hill
estimate of the tail exponent of this distribution is @ = 1.890. The difference between the tail
exponents of Sy and the growth rate distribution is small. Since these two exponents are close, the
tail exponent of S,, should also take a similar value. Indeed, as shown in Figure 21(b), the tail
exponent of the distribution of .S, remains around 1.8 and shows little variation with respect to n.
These results are consistent with our prediction that the tail exponent of S,, is determined by the
tail exponents of Sy and the growth rate distribution.

Next, we turn to the case of firm sales. Here, we define Sy as the sales of firms that are five
years old in 2020. Figure 19 presents the probability density function and the mean excess function
of Sp. Using the top 5% of the sample, the Hill estimate of the tail exponent of the S distribution
is a = 0.873. To estimate the tail exponent of the growth rate distribution, we consider ten-year
growth rates §10 starting from 2010. Using the top 0.1% of the sample, the Hill estimate of the
tail exponent of this distribution is a = 1.960. Compared with the S distribution, the growth rate
distribution thus has a lighter tail.

According to our theory, the tail exponent of the size distribution S,, should lie between the
tail exponents of Sy and of the growth rate distribution, and it should move toward the latter as n
increases. In other words, as n increases, the tail exponent of .S, is predicted to increase. Indeed, as

shown in Figure 21(a), the tail exponent of S,, takes values between those of Sy and the growth rate
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Figure 21: Estimates of tail exponents. This figure reports the Hill estimates of the tail exponents of the
distribution of S,,. The x-axis indicates the number of upper order statistics used in the estimation. Panel
(a) shows the estimates for firm sales, using .S, for firms of age n = 5, ...,40 as of 2020. Panel (b) shows

the estimates for individual incomes, using S,, for individuals of age n = 25, ..., 60 as of 2020.

distribution, and it tends to be larger for older firms (although the increase is modest, reflecting the
heavy-tailed nature of the Sy distribution). Moreover, as n becomes large, the tail of the distribution
exhibits downward curvature rather than forming a straight line, as seen in Figure 2(b). This is
consistent with the prediction that, as the Cramér approximation region expands, the distribution
becomes well approximated by a Gaussian distribution over a wide range. Taken together, these
results are consistent with our theoretical prediction regarding the relationship among the tail
exponents of Sy, the growth rate distribution, and S,,, as well as the resulting change in the shape

of the size distribution as n increases.

5.2 Age-Specific Contribution to the Tail of the Aggregate Size Distribution

The proportion of the tail of the size distribution accounted for by different age groups is a key
feature that distinguishes our theory from existing models. As in Section 5.1, suppose that the tail

of the size distribution S,, for agents of age n can be approximated by
logP(S,, > x | age = n) & —a,x + by,.
In particular, assume that the slopes are common across ages, that is, a; = ay = --- =: a. Let

pn := P(age = n) denote the share of agents of age n in the population. Then the size distribution
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S, aggregated over all age groups, satisfies
logP(S > z) = log ZPnIP’(Sn > x| age =n) ~ log (( aneb”)e_”> =—ar+Db

where b := log >" p,e’. Thus, if the tail of each age-specific distribution has a common slope,
then the tail of the aggregate size distribution also exhibits the same slope. This is why, in our
theory, a Pareto tail emerges for the aggregate size distribution.

In this case, note that logP(S,, > = | age = n) — logP(S > z) = const., which implies that
the ratio P(S,, > x | age = n)/P(S > ) is independent of =. Hence, the share of agents of age n

in the tail of the aggregate size distribution is
]P STL > 5 = P n —
( x,age = n) 0 (S, >z |age =n) — const.
P(S > ) P(S > )

In other words, the proportion of each age group in the tail depends only on n and remains constant

with respect to .

The above property can be confirmed using individual income data. As shown in Figure 5(b),
the proportion of each age group within the tail probability remains stable across a wide range of x.
This stands in contrast to the predictions of existing models, which imply that, as = increases, the
tail of the size distribution becomes increasingly dominated by older agents. This result supports
our theory: the emergence of Pareto tails is not the consequence of aggregating agents of different
ages, but rather a property that already holds within each age group.

The corresponding results for firm sales are presented in Figure 3(a). As the figure shows,
the proportion of younger firms increases with x. Strictly speaking, this pattern deviates from
a Pareto tail; however, the nature of this deviation is consistent with the findings in Section 5.1.
Specifically, for firm sales, the tail of the initial size distribution Sy is heavier than that of the growth
rate distribution. Consequently, when 7 is small, the tail of the size distribution is closer to that of
Sp. As aresult, the share of younger firms in the tail of the size distribution increases as x grows,

in line with the predictions of our theory.

5.3 Jump-Type Growth Patterns in the Data

Here, following the discussion in Section 3.4, we examine whether a large deviation of §n is
driven not by average growth over n periods, but by a rapid growth occurring in a single period

(i.e., a jump). Letting n be even, define the following ratio for each agent:
n/2
D VP
Ek:l Xk
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Figure 22: Histogram of r. Using the firm-level annual growth rates for 2010-11 and 2011-12, which we
denote by X7 and X9, we compute r with n = 2. We then restrict the subsample to firms satisfying the

condition X1; + X2 > w and plot the histogram of r. The value of u increases from 0.1 (top left) to 1.7

(bottom right) in increments of 0.2.

This ratio r represents the contribution of the first n/2 periods to the total growth over the n periods.
For example, if the first half and the second half contribute equally to total growth, then r = 1/2.
In what follows, we compute the histogram of r for agents who satisfy the condition ", _, X}, > u,
that is, agents who achieve high growth over n periods, and examine how its shape changes as u
becomes large. According to the discussion in Section 3.4, when the growth rate distribution is
subexponential, the event » = 1/2 should be among the least likely outcomes for large u. Below,
we investigate whether such a pattern is indeed observed in the data.

Using firm sales growth rates for 2010-11 and 2011-12 (i.e., n = 2), we compute the ratio r
and examine how the histogram of r changes shape as u increases. The value of u ranges from
0.1 to 1.7 in increments of 0.2. As shown in Figure 22, when u is small, the histogram of r
exhibits a peak at 1/2. This indicates that when the two-year growth rate is low, both years tend
to contribute almost equally to the total two-year growth. In contrast, as u becomes large (e.g.,
u > 0.9), the histogram of  develops peaks near 0 and 1. This implies that high two-year growth is
not typically achieved through equal contributions from both years, but rather through exceptionally
rapid growth—a jump—occurring in a single year.

A similar pattern is even more clearly observed for individual income growth rates. Using the
six-year growth rates from 2014 to 2020, we compute the ratio r, which measures the contribution
of the first three years to the total six-year growth. We then restrict the sample to individuals whose
total six-year growth exceeds a threshold u, and construct the histogram of r for each value of .
The value of u ranges from 0.1 to 2.8 in increments of 0.3. As shown in Figure 23, the same
pattern as in the case of firm sales emerges. When u is small, the histogram of r exhibits a peak

at 1/2. This indicates that when the six-year growth rate is low, the first and second three-year
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Figure 23: Histogram of . Using the six-year individual income growth rates X7s, ..., X909, we compute r

with n = 6. We then restrict the subsample to individuals satisfying the condition Ziozl 5 X > v and plot

the histogram of r. The value of w increases from 0.1 (top left) to 2.8 (bottom right) in increments of 0.3.

periods tend to contribute almost equally to total growth. In contrast, as u increases, the histogram
develops peaks near 0 and 1, implying that high six-year growth rates are concentrated in either the
first or the second half. Because the individual income dataset is much larger than the firm-level
dataset, this change in the shape of the histogram of r can be observed clearly even for large values
of w.

As an additional check for the jump-driven process, we examine the conditional distribution
of growth rates under a large deviation event of Sh. According to Section 3.4, if the growth rate
distribution is subexponential, then high n-period growth (i.e., S, > x) is generated by rapid growth
in a single period, that is, a jump. In this case, the growth rates in the remaining n — 1 periods
follow the unconditional distribution, and therefore the minimum growth rate among these periods
should have the same distribution as the minimum drawn from the unconditional distribution. In
contrast, if the growth rate distribution is light-tailed, the conditional distribution of growth rates
given S, > x differs from the unconditional one. For example, if the growth rates are Gaussian,
then conditioning on S, > = shifts the mean of the conditional distribution by z/n to the right. To
distinguish between these two cases, we divide agents into those satisfying S, > z and those who
do not, and compute, for each agent, the minimum growth rate among the remaining n — 1 periods.
We then compare the resulting histograms for the two groups. If the histograms differ by z/n, the
data are consistent with a light-tailed explanation; if they are indistinguishable, the data support the
subexponential explanation.

We now consider the case of firm sales. Let n = 10, and use the 97th percentile of §n as the
threshold for a large deviation. From the data, this value is 1.11. If the growth rate distribution
were Gaussian, then conditioning on §n > 1.11 would shift the mean of the conditional distribution

by 1.11/10 = 0.111 to the right. Figure 24(a) compares the histograms of the minimum growth
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Figure 24: Comparison of the distributions of the minimum growth rate within the sample period. We
divide the sample into two groups: agents satisfying S, > z and those who do not, where z is set to the
97th percentile of S,,. For each agent, we compute the minimum growth rate within the sample periods and

compare the histograms between the two groups.

rate among the remaining n — 1 periods for the group satisfying §n > 1.11 and for the group
that does not. The two distributions are extremely similar. The medians are —0.194 and —0.199,
respectively, differing by only 0.005. Given that the Gaussian case predicts a rightward shift of
0.111, the difference observed in the data is negligibly small. This result is consistent with the
behavior predicted by a subexponential growth rate distribution.

We conduct the same analysis for individual income growth. Here, with n = 6, the 97th
percentile of the six-year growth rate §n 1s 0.891. If the growth rate distribution were Gaussian, then
conditioning on §n > (.891 would shift the mean of the conditional distribution by 0.891/6 = 0.149
to the right. Figure 24(b) compares the histograms of the minimum growth rate among the
remaining n — 1 periods between the group satisfying §n > (.891 and the group that does not.
The medians are —0.0942 and —0.110, respectively, differing by only 0.016. Compared with the
expected rightward shift of 0.149 under a Gaussian distribution, the difference observed in the
data is clearly small. This result is consistent with the subexponential nature of the growth rate
distribution.

Taken together, the results on the ratio r and on the minimum growth rate within the sample
period show that large deviations in §n are generated by a jump occurring in a short period. This
stands in sharp contrast to existing models, which assume that large deviations arise from the
accumulation of moderately high growth over many periods. These empirical findings indicate that

our theory is more consistent with the data than the existing models.
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6 Conclusion

Pareto tails are a characteristic statistical regularity commonly observed in the upper tails
of size distributions and have long attracted attention from economists. However, recent studies
have identified several inconsistencies between existing models and empirical data, particularly
regarding the time required for agents to reach the upper tail. To address these inconsistencies,
we develop a new theoretical explanation for Pareto tails. Using Japanese firm-level sales and
individual-income data, we demonstrate that the key predictions of our theory are borne out by
empirical evidence, such as age-specific size distributions and jump-driven growth patterns.

The central idea of our theory is the link between the tail-heaviness of the growth rate
distribution and the growth patterns through which agents reach the upper tail of the size distribution.
When growth rates are light-tailed, reaching the upper tail requires accumulating moderate growth
rates over long periods. Existing models implicitly assume this pattern and therefore imply an
unrealistically long time for agents to reach the upper tail. By contrast, when growth rates are
heavy-tailed, a short episode of exceptionally high growth—a jump—can propel an agent into
the upper tail. Our theory is built on this growth pattern and thereby resolves the empirical
inconsistencies of existing models.

These two types of processes have important implications for macroeconomic theories of
growth and income inequality. The gradual process rests on the accumulation of small growth
differences over long periods, a mechanism widely embedded in existing models. For example,
Piketty (2014) explains the concentration of wealth as the compounded effect of a persistent gap
between the return on capital and the growth rate. In contrast, the jump-driven process represents
an alternative mechanism in which extreme outcomes arise from a single big jump. Understanding
such jump-driven processes may therefore offer new insights into the origins of growth and income

inequality.
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1 Appendix

This appendix examines the robustness of our empirical findings. Section 1.1 investigates
how growth rates depend on firm size and age. Section 1.2 analyzes the dependence between
growth rates in consecutive periods using copula theory. Section 1.3 reports results obtained when

alternative definitions of individual income are used.

1.1 Dependence of Growth Rates on Size and Age

The dependence of growth rates on firm size and age has long been discussed in the literature
on firm growth. In particular, it is well established that for firms that exceed a minimum size and
are no longer in the initial start-up stage, the independence of growth rates (i.e., Gibrat’s law) holds
reasonably well (e.g., Lotti et al. (2009); Daunfeldt and Elert (2013)). In this section, we examine
the distribution of growth rates across size and age categories to assess the ranges over which this

approximation is valid.

Firm sales

We use firm sales growth rates for the period 2010-11. To examine the dependence of growth
rates on firm size, we divide the sample into subsamples based on firms’ sales in 2010, using size

brackets defined by 10%°,10%5 ..., 10" yen. For each subsample, we estimate the probability

*Corresponding author: y.arata0325@ gmail.com



2 10,00 = 1000 o5
@ Size @

g g 6-10

= o 2051B = [ s

a (10°,10°9) 2 16-20

S 1.0 10°%.10] S 1.0 2125
= 7S =

= (107,107 = 26-30
< 75 108 <

8 [] o ] 8 []arss

a [ a0t 10 - BEXS

010 [ w010 010 [ ] as

| ao® 10°9 46-50

(10%%, 10" '\ 51-55

(10,109 i, 56-60

- A (103, 10% 001 et r 6145

1 y W‘N\N (10%, o) ‘ }F\ ' %‘ 66-70

W \R (e ,"h 0 71-75

NI

it T
1 2 2

Growth rate Growth rate

(a) Size group (b) Age group
Figure 1: Density estimates of growth rates by size and age groups. We use firm sales growth rates for
the period 2010-11. Panel (a) divides the sample into subsamples based on firms’ sales in 2010, using size
brackets of 106°, 106 ... 1010 yen. Panel (b) divides the sample into subsamples based on firms’ age in

2010, using five-year intervals.

density function of the growth rate, and the results are presented in Figure 1(a). As the figure
shows, smaller firms exhibit larger variance and a higher probability of large deviations. By
contrast, once firm size becomes sufficiently large, this size dependence weakens, and the estimated
density functions for firms with sales of at least 107-> yen almost coincide. This suggests that, for
firms with sales above 107 yen, the size dependence of growth rates is weak, and Gibrat’s law
provides a better approximation.

Similarly, to examine the dependence of growth rates on firm age, we divide the sample into
five-year age groups based on the firms’ age in 2010 and estimate the density function of the growth
rate for each group. The results are shown in Figure 1(b). The growth rate distribution of newly
established firms—those five years old or younger—differs markedly from that of the other age
groups. The density functions for the remaining age groups are nearly identical. Thus, when the
sample is restricted to firms older than five years, the age dependence of growth rates is essentially
negligible. These results are consistent with previous studies and suggest that, once firms exceed a
certain minimum size and are no longer in their initial start-up phase, growth rates can be regarded
as approximately independent of both size and age.

Finally, we confirm that the heavy tails observed in the growth rate distributions—specifically,
the fact that they are heavier than exponential—are not the result of aggregating firms of different
sizes. In Figure 2, we restrict the sample to firms that exceed a certain minimum size and are

not newly established (i.e., we exclude firms with sales below 10™ yen and firms five years old or
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Figure 2: Mean excess function over threshold u by size group. The mean excess function of firms’ sales
growth rates for 2010-11 is computed by size group, restricting the sample to firms with sales of at least

1075 yen in 2010 and firms older than six years.

younger), and compute the mean excess function of growth rates for each size group. This figure
shows that the mean excess function is increasing in the threshold w« for all size groups. Thus,
even when the sample is partitioned by firm size, the tails of the growth rate distribution remain
heavier than exponential. These results indicate that the subexponential property is not driven
by aggregation, but reflects an inherent and statistically robust characteristic of the growth rate

distribution.

Individual incomes

We apply the same analysis to individual income growth rates for 2014-15. We divide
the sample into subsamples based on individual income in 2014, using income brackets of
10°0,10%5,...,10%5 yen, and estimate the probability density function of income growth rates
for each subsample. The results shown in Figure 3(a) indicate that the density functions for
low-income groups exhibit greater variance and heavier tails than those for higher-income groups.
However, this dependence weakens as income increases. In particular, for individuals with incomes
above 10°° yen, the density functions almost overlap, suggesting that the dependence of the growth
rate distribution on income level becomes negligible above this level.

To examine the dependence of the growth rate distribution on age, we divide the sample
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Figure 3: Density estimates of growth rates by size and age groups. We use individual income growth rates
for the period 2014-15. Panel (a) divides the sample into subsamples based on individual income in 2014,
using income brackets of 10°0,10%?, ..., 1090 yen. Panel (b) divides the sample into subsamples based on

individuals’ age in 2014, using five-year intervals.

into five-year age groups based on individuals’ age in 2014 and estimate the probability density
function of income growth rates for each group. The results in Figure 3(b) show that the growth
rate distribution for individuals aged 25 or younger differs substantially from that of other age
groups, whereas the age dependence becomes significantly weaker for older individuals. Thus,
once individuals aged 25 or younger are excluded from the sample, the age dependence of income
growth rates is unlikely to pose a significant concern for our analysis. These results support the
empirical validity of the independence assumption adopted in our main analysis, as long as the
sample is restricted to individuals above certain thresholds of income and age.

Finally, we confirm that the subexponentiality of the growth rate distribution is not the result of
aggregating individuals with different income levels. Figure 4 shows the mean excess function of
income growth rates by income group, after excluding individuals with income below 10°° yen and
those aged 25 or younger from the sample. The mean excess function is increasing in the threshold
u for each income group. That is, for all income groups, the tail of the growth rate distribution
is heavier than exponential. These results indicate that the subexponentiality of the growth rate
distribution is an inherent property of the distribution itself.

As shown above, in both the firm-sales and individual-income datasets, the distribution of
growth rates can be reasonably approximated as independent of size and age, provided that very
small or very young firms and individuals are excluded from the sample. Because the region

in which this independence holds constitutes the majority of observations in both datasets, the
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Figure 4: Mean excess function over threshold u by income group. The mean excess function of income
growth rates for 2014-15 is computed by income group, restricting the sample to individuals aged between

26 and 60 and with income of at least 105 yen in 2014.

assumption that growth rates are independent of size and age represents an empirically valid
approximation for our analysis. Furthermore, the subexponential property of the growth rate
distribution is consistently observed in both firm-sales and individual-income data and remains
robust even when each dataset is further partitioned by size. This subexponentiality lies at the
core of our theory, and its robustness suggests that the universality of Pareto tails arises from this

distributional property.

1.2 Serial Dependence in Growth Rates: A Copula-Based Analysis

In this section, we analyze the dependence structure of growth rates in consecutive periods
using copula theory. We begin with a brief introduction to copula theory and then provide empirical
results based on copula analysis.

In the existing literature, the most common measure used to quantify the degree of dependence
is Pearson’s correlation coefficient. However, it is well known in the statistics literature that
this coeflicient does not purely reflect the dependence between two random variables (see, e.g.,
Embrechts et al. (2002)). This is because Pearson’s correlation also depends on their marginal
distributions. For example, if h; and hy are strictly increasing functions, the Pearson correlation

between X and X, does not, in general, coincide with the correlation between h; (X7) and ho(X5).



Such sensitivity to the marginals makes it difficult to determine whether the magnitude of the
coeflicient reflects genuine dependence or merely properties of the marginal distributions. This
issue is particularly important in our setting, where the marginal distribution of growth rates differs
substantially from a Gaussian distribution.

These issues can be addressed using copula theory (see Joe (2014) for details). The key idea
of copula theory is that any bivariate distribution function £’ can be uniquely decomposed as

F(x1,2) = C(Fi(x1), Fa(x2)),
where C' is the copula function, and F; and F, are the marginal distributions of X; and Xo,
respectively. All information on the dependence between X; and X5 is encapsulated in the copula
C'. The problem with Pearson’s correlation coefficient arises from the fact that it is not determined
solely by C, but also depends on the marginals F; and F5. As a dependence measure determined
only by C', Spearman’s pg is commonly used:
ps = Corr[F(X7), Fo(X?)]

Since Fi(X;) and F»(X>) indicate the rank positions of each observation within their respective
marginal distributions, Spearman’s pg can be interpreted as a measure of rank concordance. For
this reason, we use Spearman’s pg in the main text instead of Pearson’s correlation coefficient.

To obtain a more detailed understanding of the dependence structure, we examine the functional
form of C' directly. In what follows, we describe two widely used copulas: the Gaussian copula
and the Student-t copula. The Gaussian copula and the Student-t copula are derived from the
bivariate Gaussian distribution and the bivariate Student-t distribution, respectively. Specifically,
the Gaussian copula is defined as

C(U1,U2; p) = oy (q)q(ul), (D71<U2)§ P)
where @, denotes the bivariate standard Gaussian distribution with correlation parameter p, and ¢
denotes the univariate standard Gaussian distribution. In other words, the Gaussian copula extracts
only the dependence structure of the bivariate Gaussian distribution by removing the effects of its
marginal components. The Student-¢ copula is defined analogously, retaining only the dependence
structure of the bivariate Student-¢ distribution.

The Gaussian copula and the Student-¢ copula each exhibit distinct characteristic shapes. The
density functions of these two copulas are shown in Figure 5. The density of the Gaussian copula
diverges at the corners (0, 0) and (1, 1). Note that even copulas such as the Gaussian copula—which
exhibit weak tail dependence—can produce spikes at (0, 0) and (1, 1). Thus, spikes at these corners

in a copula density plot do not necessarily indicate strong tail dependence. In contrast, the Student-¢
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Figure 5: Density plots of the copula function C. For the Gaussian copula, the correlation parameter p is
set to 0.1. For the Student-¢ copula, the degrees of freedom are set to v = 1, and the correlation parameter

issetto p = 0.1.

copula with p > 0 exhibits spikes not only near (0, 0) and (1, 1) but also near (0, 1) and (1, 0). This
implies that, relative to the Gaussian copula, the Student-¢ copula exhibits a higher likelihood of
joint extreme movements in opposite directions—even when the correlation parameter is positive.

While empirical copula plots are commonly used to examine the shape of a copula, the
associated density functions can diverge near the corners (0,0) and (1, 1). To address this issue,
Joe (2014) recommends transforming the variables to normal scores. Specifically, each variable X;
is transformed as Z; = @' o F;(X;), and we consider the resulting distribution Fy of (Z;, Z»),
whose marginals are standard normal:

Fn(Z1,Z2) == C(9(Z1), 2(Z2))

If the copula C' is Gaussian, then Fly reduces to a bivariate Gaussian distribution. Therefore, if the
plot of (7, Z5) departs from the elliptical shape of a bivariate Gaussian distribution, this deviation
indicates a departure from the Gaussian copula. Figure 6 shows the normal-score plots for the
Gaussian and Student-t copulas. The Gaussian copula yields an elliptical pattern (i.e., the shape
of the bivariate Gaussian distribution), whereas the Student-¢ copula produces a diamond-shaped
pattern that extends toward the four corners, reflecting its stronger tail dependence.

Furthermore, we consider upper and lower semi-correlation coefficients as measures of de-
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Figure 6: Density plots of F)y obtained via normal scores. The parameters used here are the same as those

employed in Figure 5.

pendence based on the transformed variables Z; and Z:

pn = Cort[Zy,Zy | Zy > 0,7y > 0],

py =Corr[Z1,Zy | Z1 < 0,2y < 0]
These coeflicients correspond to the correlation in the upper-right and lower-left quadrants of the
scatter plot of the transformed variables. Since the theoretical values of p}, and py under the
Gaussian copula can be derived analytically, comparing them with the empirical values allows us
to evaluate deviations from the Gaussian copula.

The parameters of the copula are estimated using the pseudo maximum likelihood method
proposed by Genest et al. (1995). This method consists of two steps: (1) obtaining nonparametric
estimates of the marginal distributions, and (2) estimating the parameters of the copula. To
examine whether the Student-t copula provides a statistically significantly better fit to the data than
the Gaussian copula, we employ Vuong’s method (Vuong (1989)). This method compares the
log-likelihoods of the two models to assess whether the difference in fit is statistically significant.

In our analysis, we compare the Student-¢ copula with the Gaussian copula.

Firm sales

We apply the above methods to firm sales data using the growth rates for 2010-11 and 2011-12.
Figure 7 presents the empirical copula and the scatter plot of the normal scores. The empirical
copula density exhibits spikes at the four corners—(1, 1), (0,0), (1,0), and (0, 1)—which is a

characteristic feature of the Student-¢ copula. Likewise, the normal-scores plot displays a diamond-
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Figure 7: Empirical copula and normal-score plots. Firm sales growth rates for 2010-11 and 2011-12 are
used. Panel (a) presents the density estimate of the empirical copula. Panel (b) shows the growth rates

transformed into normal scores. The semi-correlation coefficients are p} = 0.239 and py, = 0.306.

shaped pattern rather than an elliptical one. These results suggest that the underlying copula is
closer to a Student-t copula than to a Gaussian copula.

This tendency is also reflected in the correlation coefficients. While Spearman’s pg is close to
zero or slightly negative, as shown in the main text, the semi-correlation coeflicients are p; = 0.239
and py = 0.306. These values are substantially larger than those expected under the Gaussian
copula (p}; = py = —0.042). This indicates that, although there is no strong positive or negative
correlation over the entire domain, relatively strong correlations emerge when attention is restricted
to the first and third quadrants.

We compare the Gaussian copula and the Student-f copula to determine which provides a
better fit to the data. The estimation results for each parametric copula are reported in Table 1.
Based on the AIC, the Student-¢ copula with degrees of freedom v = 2 provides the best fit. We
further assess whether the improvement in fit of the Student-¢ copula over the Gaussian copula
is statistically significant using Vuong’s method. The test rejects the null hypothesis in favor of
the Student-¢ copula with a p-value of 0.01. This indicates that the Student-¢ copula provides a
significantly better fit to the data than the Gaussian copula.

Finally, we directly examine how well the estimated Student-¢ copula fits the data. Contour
plots of the empirical copula and the estimated copula are presented in Figure 8. The Student-
t copula provides a close approximation to the empirical copula. We also assess whether the

estimated Student-¢ copula can replicate the observed semi-correlation coeflicients of the normal



Parameter estimates and model fit for parametric copulas
Data: Tokyo Shoko Research

maximum log-  Vuong's test statistic semi-correlation
copula shape likelihood (s.e.) coefficient
Gaussian -0.127 4427 - -0.042
Student-t with df 1 -0.028 -970 - 0.607
Student-t with df 2 -0.070 33496 0.0530(0.00042) 0.375
Student-t with df 3 -0.091 32625 - 0.256
Student-t with df 4 -0.103 29351 - 0.187
Student-t with df 5 -0.110 26392 - 0.142
Student-t with df 10 -0.122 17927 - 0.049

Table 1: Parametric estimates and model fit for parametric copulas. Firm sales growth rates for 2010-11
and 2011-12 are used. Since all copula families considered have the same number of parameters, model
selection based on the AIC is equivalent to selection based on the maximum likelihood. The test statistic used
in Vuong’s method is defined as D := log(f (yi;0°)/C (ys; 0F)), where f5 and 8 denote the likelihood
function and the maximum likelihood estimate for the Student-¢ copula, and f& and 6% denote those for the

Gaussian copula. The last column reports the values of ,07(, and py; implied by the estimated copulas.

scores. Under the estimated Student-¢ copula with degrees of freedom v = 2, the semi-correlation
coefficients are p}; = py = 0.375. These results further reinforce the finding that the Student-¢
copula captures the empirical pattern in which stronger dependence emerges when the sample is

restricted to the first or third quadrant.

Individual incomes

We apply the above method to individual income growth rates for 2014-15 and 2015-16.
Figure 9 presents the estimated empirical copula and the scatter plot of the normal scores. The
empirical copula density exhibits spikes at all four corners, which is characteristic of the Student-¢
copula. Likewise, the scatter plot of the normal scores forms a diamond shape rather than an ellipse,
another feature indicative of the Student-¢ copula.

Furthermore, this characteristic feature of the Student-¢ copula is also reflected in the correla-
tion coeflicients. While the overall correlation coefficient over the entire domain is close to zero, the
semi-correlation coefficients are p}, = 0.392 and py, = 0.399. This indicates that, compared with
the Gaussian copula, the empirical data exhibit stronger dependence when attention is restricted to

the first and third quadrants.
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Figure 8: Comparison between the empirical copula and model-estimated parametric copulas. Firm sales
growth rates for 2010-11 and 2011-12 are used. Contour plots of the empirical copula (red lines) and the
parametric copulas estimated from the data (black lines) are presented. Panel (a) uses the Gaussian copula,

and Panel (b) uses the Student-¢ copula with v = 2.

2015-16 growth (normal score)

2
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(b) Normal scores
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Figure 9: Empirical copula and plots of normal scores. Individual income growth rates for 2014-15 and
2015-16 are used. Panel (a) displays the density estimate of the empirical copula. Panel (b) presents

the growth rates transformed into normal scores. The semi-correlation coefficients are pj\', = 0.392 and

py = 0.399.
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Estimates for parametric copulas
Data: Tax return data from National Tax College from 2014 to 2020

maximum log- semi-correlation
copula shape likelihood Vuong's test coefficient
Gaussian 0.013 8 - 0.005
Student-t with df 1 0.051 4277 - 0.618
Student-t with df 2 0.057 8352 0.0834(0.0009) 0.401
Student-t with df 3 0.055 7366 - 0.295
Student-t with df 4 0.052 6321 - 0.232
Student-t with df 5 0.048 5496 - 0.191
Student-t with df 10 0.037 3317 - 0.102

Table 2: Parametric estimates and model fit for parametric copulas. Individual income growth rates for
2014-15 and 2015-16 are used. Due to computational constraints, we do not use the full dataset; instead, we
randomly draw 100, 000 observations from the sample to conduct the estimation. For other details, refer to

the description in Table 1.

The above characteristics of the copula can also be confirmed by the parameter estimates of
the Gaussian copula and the Student-¢ copula. As shown by the estimation results in Table 2, the
Student-t copula with degrees of freedom v = 2 provides the best fit to the data according to the
AIC. Moreover, Vuong’s method confirms that the difference between the Student-¢ copula with
v = 2 and the Gaussian copula is statistically significant, with a p-value of 0.01.

Finally, to assess how well the estimated copulas fit the data, Figure 10 presents contour plots
of the empirical copula and the estimated copulas. The Student-¢ copula with degrees of freedom
v = 2 provides a close approximation to the empirical copula. Moreover, under the estimated
Student-¢ copula with v = 2, the semi-correlation coefficients are p}, = py = 0.401. These values
are close to those computed from the data, p}; = 0.392 and py = 0.399. These results indicate
that the Student-¢ copula captures the dependence structure between growth rates as reflected in the
empirical copula.

The above analysis shows that the statistical properties of firm sales growth rates and individual
income growth rates are remarkably similar. Specifically, not only are their marginal growth rate
distributions and tail dependencies similar, but the copulas summarizing their dependence structures
are also closely aligned. In particular, the results indicate that when the current-period growth rate
is positive (denoted by +), the next period is more likely to exhibit either positive growth (4, +) or

negative growth (4, —), whereas cases in which the next period shows approximately zero growth

12
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Figure 10: Comparison between empirical and model-estimated copulas. Individual income growth rates
for 2014-15 and 2015-16 are used. Contour plots of the empirical copula (red lines) and the parametric
copula estimated from the data (black lines) are presented. Panel (a) uses the Gaussian copula, while Panel

(b) uses the Student-¢ copula with degrees of freedom v = 2.

(+, 0) are relatively rare. While a full characterization of the dependence structure lies beyond the
scope of this paper, the similarity in the statistical properties of firm sales and individual income
growth—despite differences in their underlying economic mechanisms—may help explain why

macro-level regularities such as Pareto tails emerge in both settings.

1.3 Robustness to Alternative Income Definitions

Here, we verify that the main findings of our analysis remain robust even when alternative
definitions of individual income are used. We repeat the same analysis using two alternative income
definitions: net income (after deducting expenses and tax deductions) and wage and salary income.
Using these alternative definitions, we find that our main results are replicated:

* Pareto tails emerge in the size distribution by age;

* The share of the tail probability remains nearly constant over a wide range of z, and this
pattern holds across all age groups;

* The growth rate distribution exhibits heavier tails than an exponential function;

* Apart from jump episodes, the distribution of period-by-period growth rates, conditional on
cumulative growth over n periods, differs little between individuals with high cumulative
growth and those without.

We conduct the analysis by defining individual income as net income, i.e., income after

13
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Figure 11: Size distributions by age group. We use net income as the measure of individual income. We
restrict the sample to individuals aged 26 to 60 and divide them into five-year age groups. Panel (a) presents
the estimated density functions of size S for each age group. Panel (b) shows the QQ-plots of the size
distributions for each age group. Panel (c) reports the proportion of each age group in the tail probability
P(S > x).

deducting expenses and tax deductions. Results using wage and salary income as an alternative
definition are provided in Figure 13 and Figure 14, and the interpretation is analogous to that for
the net-income case. Figure 11(a) presents the estimated densities of the size distributions across
age groups. All age groups exhibit a Pareto tail, and the tail slopes are similar across groups.
Figure 11(b) shows the QQ-plots of these age-specific size distributions. Consistent with the
density estimates, the distributions deviate from the Gaussian distribution, indicating heavy-tailed
behavior. Figure 11(c) reports the share of each age group in the tail probability P(S > z). These
shares remain stable as = increases, implying that the upper tail is not disproportionately driven by
older age groups.

Next, we present the results for growth rates. Figure 12(a) shows the density estimates of the
n-year growth rate distributions forn = 1,2,...,6. In all cases, the distributions deviate clearly
from the Gaussian distribution. Figure 12(b) presents the mean excess function e(u) for the n-year
growth rates. Consistent with the density estimates, e(u) is an increasing function of u, indicating
that the growth rate distributions have heavier tails than an exponential function. Moreover, the
shape of e(u) is largely invariant to n, exhibiting a similar pattern across all horizons, which implies
that the distributions are subexponential.

Finally, to examine the characteristic patterns of growth, we compare the histograms of the
minimum growth rate within the n-year period for individuals who achieved S, > z and those
who did not. For n = 6, the 97th percentile of §n is 0.814. If the distribution were Gaussian,
the distribution of growth rates for those who achieved §n > z (i.e., the conditional distribution)

would be expected to shift to the right by approximately 0.814/6 = 0.136. The results are shown
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Figure 12: Results based on n-year growth rates We use net income as the measure of individual income.
In computing growth rates, we restrict the sample to individuals aged 25 to 60. Panel (a) reports the density
estimates of the n-year growthrates (n = 1,2, ..., 6), computed using 2014 as the starting year. The vertical
axis is shown on a logarithmic scale. Panel (b) presents the mean excess function for the n-year growth rates.
Panel (c) compares the histograms of the minimum growth rate within the n-year period for individuals
who achieved §n > x and those who did not. The 97th percentile of §n is 0.814. The medians of the two
histograms are —0.0867 and —0.121, respectively.

in Figure 12(c). The two histograms are similar: their medians are —0.0867 and —0.121, with a

difference of 0.0343. This difference is much smaller than the 0.136 gap expected under a Gaussian

distribution, providing evidence in favor of jump-driven growth.
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Figure 13: Size distributions by age group. We use wage and salary income as the measure of individual
income. We restrict the sample to individuals aged 26 to 60 and divide them into five-year age groups. Panel
(a) presents the estimated density functions of size S for each age group. Panel (b) shows the QQ-plots
of the size distributions for each age group. Panel (c) reports the proportion of each age group in the tail

probability P(S > z).

2 4 1
Growth Rate Threshold u Smallest Growth Rate

(a) Growth rate distribution (b) Mean excess function (¢) Minimum growth rate
Figure 14: Results based on n-year growth rates We use wage and salary income as the measure of individual
income. In computing growth rates, we restrict the sample to individuals aged 26 to 60. Panel (a) reports
the density estimates of the n-year growth rates (n = 1, 2, ..., 6), computed using 2014 as the starting year.
The vertical axis is shown on a logarithmic scale. Panel (b) presents the mean excess function for the n-year
growth rates. Panel (c) compares the histograms of the minimum growth rate within the n-year period for
individuals who achieved §n > z and those who did not. The 97th percentile of §n is 0.652. The medians

of the two histograms are —0.0237 and —0.0559, respectively.
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